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Aims and Scope 


Neutrosophic theory and its applications have been expanding in 
all directions at an astonishing rate especially after of the introduction the 
journal entitled “Neutrosophic Sets and Systems”. New theories, techniques, 
algorithms have been rapidly developed. One of the most striking trends in the 
neutrosophic theory is the hybridization of neutrosophic set with other 
potential sets such as rough set, bipolar set, soft set, hesitant fuzzy set, etc. The 
different hybrid structures such as rough neutrosophic set, single valued 
neutrosophic rough set, bipolar neutrosophic set, single valued neutrosophic 
hesitant fuzzy set, etc. are proposed in the literature in a short period of time. 
Neutrosophic set has been an important tool in the application of various areas such 
as data mining, decision making, e-learning, engineering, law, medicine, social 


science, and some more. 
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Preface 


Neutrosophy, introduced by Dr. Florentin Smarandache in the early 1990s, extends 
classical logic by incorporating indeterminacy and partial truth. This gives rise to 
"neutrosophic sets" and "neutrosophic logic," which allow for the modeling of 
uncertainty and inconsistency—phenomena often encountered in real-world 
systems. These concepts have led to the development of neutrosophic algebraic 
structures, which extend traditional algebra to handle issues of ambiguity, 


indeterminacy, and vagueness. 


This book explores the emerging field of Neutrosophic Algebraic Structures, 
focusing on both their theoretical foundations and practical applications. We apply 
innovative algorithmic methods to investigate the complex interactions of 
neutrosophic elements, such as neutrosophic numbers, sets, and functions, within 
algebraic systems. Our goal is to show how neutrosophic structures challenge and 
expand traditional algebraic approaches, offering solutions to problems across 
diverse fields like computer science, engineering, artificial intelligence, and 


decision-making. 


A key theme of this work is the integration of mathematical theory with 
computational methods. Neutrosophic logic provides more accurate and flexible 
models for problems involving uncertainty and imprecision, making it a valuable 
tool in areas where classical approaches fall short. The algorithms introduced here 
aim to apply neutrosophic theory to solve complex problems that are difficult to 


address using traditional techniques. 


We invite readers to explore the synergy between abstract mathematical theory and 
cutting-edge computational algorithms. Our aim is to inspire further research in this 
exciting and rapidly evolving field and demonstrate its relevance in solving real- 


world problems that involve ambiguity, uncertainty, and indeterminacy. 


We hope this work will serve as a valuable resource for students, researchers, and 
practitioners, contributing to the growing body of knowledge at the intersection of 


algebraic structures, logic, and modern computational techniques. 


http://fs.unm.edu/neutrosophy.htm. 


Acknowledgment 


Florentin Smarandache 
University of New Mexico, USA 


Derya Bakbak 
Ankara, Turkey 


Vakkas Ulucay 
Kilis 7 Aralik University, Turkey 


Abdullah Kargin 
Gaziantep University, Turkey 


Necmiye Merve Sahin 
Gaziantep, Turkey 


Chapter 1 


Multiple Generalized Set-Valued Neutrosophic 
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ABSTRACT 


In this chapter, the definition and basic properties of multiple generalized 
set-valued neutrosophic quintuple sets are given. Furthermore, some decision 
operators (average union, average intersection, optimistic union, optimistic 
intersection, pessimistic union, pessimistic intersection) for multiple generalized 
set-valued neutrosophic quintuple sets are defined and examples of these operators 
are given. Thus, a new structure was obtained by using multiple neutrosophic 


theory and neutrosophic quintuple theory together. 


Keywords: Multi-valued Neutrosophic Sets, Multiple Generalized Set-Valued 
Neutrosophic Quadruple Sets, Multiple Generalized Set-Valued Neutrosophic 
Quintuple Sets, Generalized Set-Valued Neutrosophic Quintuple Numbers 


1.INTRODUCTION 


Classical logic, fuzzy logic [1], intuitionistic logic [2] and neutrosophy [3] are 
systems of logic that emerged and developed at different stages of this progression. 
Ancient Greek thinkers, especially Aristotle, developed the basic principles of logic 
and built classical logic. Aristotle's logic has a mathematical structure based on 
precise concepts, truth and falsity. Classical logic is known as bivalent logic because 
propositions are only considered true or false. Developed in 1965 by Lotfi Zadeh 
[1], fuzzy logic is designed to handle uncertainty and ambiguous information in the 
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real world. Neutrosophy [3] is a theory of logic proposed by Florentin Smarandache 
in the late 20th century. Neutrosophy is a more complex and versatile logic system 
that extends fuzzy logic to deal with uncertainty. As a result, neutrosophy is an 
important step in the development of these logic systems for dealing with 
complexity and uncertainty, because it directly combines fuzzy and intuitionistic 
logic systems, offering a more comprehensive perspective. Also, researchers studied 
this theory [4-19, 28-63]. In 2016, Chatterjee et al. defined quadripartioned 
neutrosophic sets [20]. Unlike neutrosophic sets, it is defined with a contradiction 
function and an ambiguity function instead of an uncertainty function. In 2015, Peng 
and Wang obtained multiple neutrosophic sets [21] and used them in a multi- 
criteria decision-making application. Also, researchers studied based on this set [22, 
23]. Smarandache defined the neutrosophic quadruple set (NQS) [24] in 2015. In 
general, a neutrosophic quadruple number is of the form (k, IT, ml, nF) (k, | m,né 
R or C). The components T, I and F in this notation are components in neutrosophic 
logic. However, unlike the NS, NQS has a known part (k) and an unknown part ((IT, 
mI, nF)). Sahin et al. defined generalized set-valued neutrosophic quadruple 
numbers (GSVNQN) [25] in 2020. Thanks to this new structure, the NQS theory has 
become available in the field of applications. Also, in 2023, Sahin et al. defined 
generalized set-valued neutrosophic quintuple sets (GSVNQS) [26] and some 
operations on them were defined. Baser and Ulugay [42] defined energy of a 
neutrosophic soft set and applied it to multi-criteria decision-making problems to 
show its effectiveness. Baser and Ulugay [46] defined effective q- fuzzy soft expert 
sets. The above-mentioned theories have been studied in various fields, such as: [64- 
87]. Recently, Kargin et al. obtained multiple generalized set-valued neutrosophic 
quintuple sets (MGSVNQS) [27]. 

The chapter is organized as follows: In The background Section, the basic 
definitions, and properties to be used in this chapter are indroduced for SVNS, 
SVONS, MNS, GSVNOQS and MGSVNOS. In the research and findings section, we 
define the MGSVNOQPN and MGSVNOPS and the main features of these new 
concepts are given. Thus, we have obtained a new structure for SVONS, GSVNQPN. 
Optimistic union, pessimistic union, average union, pessimistic intersection, 
optimistic intersection, average intersection operators were defined for 
MGSVNOPS. Sample sets from daily life were created and operations were 
performed on the sets for all the for ementioned properties and definitions. In The 
Conclusion Section, the results obtained in the study and suggestions for future 
studies are presented. 


2.BACKGROUND 
Definition 1 [18] Let X be a universal set. For Vdg € X, 
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K K K 
O< Tag) a l(a) ot Fag) <3 
TX: xX > [0,1] , 1*:X > [0,1] and FX: xX > [0,1] 
With functions, a K single-valued NS on X; It is defined as 
a ee ee Ce ae 
K = {(dep, Tag) lag) Fa,)) . dg E x}. 
Tiny lag) Fp) are the degree of truth, indeterminancy and falsity of dg € X, 


respectively. 


Definition 2 [21] Let E be an universal set, a MVNS K over the set E can be defined 
as follows. 


For Wx; € E; i=1,...,.p and f =1,...,n; 


~ 


K 
ee zs 1 zs 2 = P s 1 5 2 > P s 1 x 2 > P Pa 
= (dps (Tag) »Tayy 2» Tap) ) Magy Map) Mp) J Flag) Flap) Fag) ap 
EE} 
z 1az 2 RP. 
Tag) Tap) 5 1 Tae) :E> [0,1] , 
gp Lug 2 RP. 
(ag) I a,) i da.) :E> [0,1], 
Ken eT 
Fag) Kap) ; ws FGs) :E> [0,1]. 
It is also, 


O< Tag) + (ag) + Fag) <3 


(Mig) Mig) vo Mp) ) (logy Magy oor) and (Fb) Fg) mF) ) 
The degree of truth, the degree of indeterminacy, the degree of falsity, respectively. 
Definition 3. [20] Let X be a universal set. For Vdg EX, 

So Tas) ss Uta) 7 Cag) 3 Fag) ay 
TK: X > [0,1] , UX: x > [0,1], CX:X > [0,1] and F*:x = [0,1] 
With functions, a K single-valued quadripartitioned NS on X; It is defined as 


eS. 7K oR eR 
K = {(dp, 76, 1Gi,)- F(a): da € X}. 
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K K K K : 
Tag) U (ag) C(ag) F(a) degrees of truth, degrees of uncertainty, degrees of 


contradiction and degrees of falsity, respectively of dg € X, respectively. 


Definition 4. [26] Let X be a set and let P(X) be the power set of X. K; set of a 
GSVNON form 


Pie ae ee Re ae aR Ve! RO . 
K= { (Kes Reo, TB Kea Uf Rea Uh, Kas Fh, ) Ke Keo Kp Keay Keg, E P(X); i 
AZ 365i) 


(es ’ uk ’ ce _and FE are the usual quadripartitioned neutrosophic logic tools. Also, 
a GSVNQOS is defined such that 


RN = (Re, Res TK» Res UK,» Ko UR Kes PK, )- 
Where, a GSVNON representing an entity that can be a number, an idea, an object, 
etc. For a GSVNON (Re. Ro, Ti Kes Ub Rp, Uf,» Re PK) 
Kp, 
is called the known part and 
(Ke, Tap Re, Uh Re, Ub Res, Fbs,) 
is called the unknown part. 
We can also show that the GSVNON consisting of GSVNQS 
R= {KP at = 12)ngn}: 


Definition 5. [27] Let E be universal set and P(E) be power set of E. C MGSVNQS 
over the set E is defined as 


eS 

(Mie y Mic Mica Mie) / 
1 2 3 3 

(Micx,) M3 (x;)) Myx,» tery Mix) (aneess Titec, Tio)! wee TMtacx,) ), 


1 2 3 1 2 3 
(Ma ¢x,)) M3 x,)) M3 (x, eeny Mix) (ae IM 3¢,)’ IM 3¢x,)? weny Mscep) y 
(Mic Macy Macy Map) 


1 2 3 yn n n n 
(Fhecen* Figo)! Fig)? maa Flacco) : Myx; Myx; M3 (x; a(x) © P(E)}. 


Here, 
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i=1,...,j; n=1,...,p 
Tit,» Tit» Titg» 1 TMi E > [0,1], 
Tig Titg» Tings = IM: > [0,1], 
Fu Fit Finys Pa, ? E > [0,1] 
OS, Tot iting. =3 
and 
Tat, (Xj), Tita (2%), Tite (%j), +» Tita (245), 
Tn (2%), Ting (25), Hing (26)), Leg (2%), 
Fit, (4), Fit, (25), Fing (251) Fit 25) 
degrees of truth, degrees of indeterminacy, degrees of falsity, respectively. 
3.Research and Findings 


Definition 6 Let E be universal set and P(E) be power set of E. C MGSVNQPS 
over the set E is defined as 


(= 
(Mie Mica» Micaye = Mia)» 
1 2 3 3 
(Micx,)) M3 (x;) Myx,» tery Mix) (Thacep? Titec, Tio)! tery Tihacap ) 


(M3 xy MB xy MScaye =» MBtap) (Uthacayr Udtsenp Uiacay’ ~? Ultsery ) / 
(Mi cxiy Macey Macys =» May) 
(Fe CMacep’ CHtacay? oo Chisceo) : (Mscxiy M5 (x) M5 (x) es M5(x)) toe Frasca Fitscxy? oe Flbcco) 
Mic) Mac» MBcxy» Mai» MScay © P(E}. 
Here, 
i=1,...j;n=1,...,p 
i Tats ee SAL 
UL,,, Uz, UZ, UB, E > [0,1], 


Chi Co Cy ms Chak S101), 


14 


Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative 
Algorithmic Approaches 


Fi, Fay Fay Fit, +E > [0,1] 
0<...,Tu, nates Umscx,) + CMs) + Fite, <3 
and 
Tit (%j)s Tit (2 )s Tit, (24) =» Tit, (24), 
Ui, (%;)s Uing (25), Ute, (2%4)> + Unig (24), 
Cit (%j )» Cit (%))» Cit (%)), + Cit, (2%) 
Fittg (05), Fitg (25), Fitty (25) «=» Pity (2) 


degrees of truth, degrees of uncertainty, degrees of contradiction and degrees of 
falsity, respectively. 


Also, in the MGSVNOPS, p is the number of elements of the set and n is the 


number of components of each element. 

Definition 7 Let 

C= 

(Mice Mic Mice) Mwy), 

(M2) Ma ci Macy» = Maap) es Titocey? F Macey? Thay) 


1 2 3 1 2 3 
(Ma ¢x,)) M3(x,)) M3(x,)» seny Mix) (Uhecen’ UM x," UMa¢x,)? seny Ulbscay ) 
(Mic Macy Macy Map) 


1 2 3 1 2 3 n 1 2 3 : 
Chas CMa)? CMa)’ apes Chis) , (Mex; M5 x; M5 cei) pie Mix) (Fiecep* FMscx)! Fitscxy! phn Fite) 
n n n n n 
My (x; Macy» Macey» Macey Macy © P(ED3. 


be a MGSVNOPS and let P(E) be the power set of E. A MGSVNQPN (;, is defined 
as 


C, 

— (Mis 1 My. 2 aeny My, mJ; (Mos, 0 Mas?) aeny Mpg, n)Ts,.2 1), T 3.2 (x1), aeny Ts, 7%), 
(M350 M352 oe M35, n)Us, 2 (x1), Us? (Ey Bes Us," (%1)), 
(Mas, Mag. 2 ner Mas, ») (¢,.2@), Cs? (CA eee Cs,.n@)) 


(Ms Msg. 2) aeny Mss. n)(Fs,.10e1), Fo, 2a), on Fs, 7 (%1))}. 
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Where, i=1; n=1,...,p. 


As in NQN, an MGSVNOQPN representing an entity that can be a number, an idea, 
an object, etc. For 


C, 
(Mi. 1,My. 2,..,My,_ n) is called the known part and 
x1 x41 x4 
(Mou Mos? hy Mog, r)Ts,,2 1), Ts. (X41 )ye5 Ts, .2(%1)), 


(M35, 1 Mas. 2 o M35, n)Us, 1%); Us, 2(%1), my Us, ™(%1)), 
(Mas, 2 Mas, 2 Mas, ») (65,,.@4), G2eing Cs,.n@)) 


(Mss. 1) Ms5_ 2-1 Mssn) (Fe, (x), Fe, 2(%4), 1 Fsyn@)) 
is called the unknown part. 
MGSVNOPFS can also be represented in the form of 
CSIC BPE 42 vce fh. 
Example 8 Let 
Cn, = {({k, x}), ({t,m}) (0.3), (fs, vy) (.5), ({2}) (0.0), (fy, x}) (0.2)} 
Cng = (({sh), CL m}) (0.2), ({k, x}) (0.6), ({t, 23) (0.3), ({k, x} (0.3)} 
Cng = {(im, s}), (fy, m}) (0.3), ((L 2) (0.5), ((4) (0.0), (fm, x}) (0.2)} 
Cog = (CCE), COL 23) (0.2), (Ly, x3) (0.6), ({6, m}) (0.3), ({k, y}) (0.3)} 


be four GSVNOPS. Now, if we represent these four sets as a single set, we obtain 
C, MGSVNOPS such that 


C,= 
{({k, x}, {s}, {m, s}, {t}), ({t, m}, {1, m}, fy, m}, (1, 2} (0.3,0.2,0.3,0.2), 
({s, y}, {k, x}, {1, 2}, fy, x} (0.5,0.6,0.5,0.6), ({z}, {t, z}, {t}, {t, m}) (0.1,0.3,0.1,0.3), 
(Ly, x}, {k, x}, (mn, x}, {k, y})(0.2,0.3,0.2,0.3)} 


Where, thanks to C, MGSVNOPS, the sets Ca Css Cass Ch , were expressed as a 


single set. 
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Definition 9 Let 
Mo = 
(Mice Mice Micey Mice), 


2 3 1 2 3 
(Mice; i)? M3 (x;) M3 (x, seny Mix) (thes Tox)! Tio)! neny Tats ) 


al 2 3 al 2 3 
(Ma ¢x,)) M3(x,) M3(x,)) aeny Mix) (Uhecen’ Umax," UM (x, aeny Ulbscay ) 
(Mi cxiy Macey Macey = Macy) 
d 2 3 1 2 3 n 1 2 3 - 
(Chiscxg CMa? Coax! as Cliveep) : (Mecxiy Ms cx MSc M5 (x) (Fitsexy FM scx? FM scx? nae Flic) 
Lee Macey M3 cq Macey MS © PED 
and 
N= 
(Niwa Nice Ntapy  Niep), 
1 z 3 3 
(Na, N2(xj Nox) par N29) Gee THe,’ remy uy TS), 


3 Z 
(N3 cep» Np N3¢x;) aout 3(x)) (Uhscxo? Nace)" Wax)? my Uitscen) 


(Nice Nic Nap Naw) 


1 2 3 1 2 3 n 1 2 3 . 
(yee CNacx? CN ace? oy Che) , (Necep» N5 cei) Ns (xi) i Newei) (Fees FN sce,)? FN sce,’ ope Freep) 
Neva Nace N3cep» Nace N5cey © P(E)}- 
be two MGSVNOPSs. 


i. If the following conditions are satisfied, we say that M C is asubset of N° and 
denote ME c NE, 


Mi (xi) © NP (xi) 
Mz (xi) © Nz (xi) 
M3 (xi) © N3' (xi) 
Me (xi) © Ng (xi) 
M3 (xi) © NS (xi) 
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and 
Tia, Ss TNace, 
UM) 2 UNace, 
Chace = CNacxp 
Fitscx 2 FNscx) 
i=1,...,j;n=1,...,p. 
ii. If the following conditions are satisfied, M¢ is equal to N¢ and is denoted as 
Mo = NS, 
Mz (x) = Ny (x) 
Mz (xi) = NZ (xi) 
M3 (xi) = N3 (xi) 
Mg (xi) = Ng (xi) 
Ms (xi) = Ng (xi) 
and 
Tac = Nae, 
Umax) = Uvacx 
CMtacx) = CNacep 
Fiisexy = FNscx 
i=1,...,j;n=1,...,p. 
Definition 10 Let 
Mo = 


(Mie Mica Mcp Mica)» 
1 2 3 nN 1 2 3 
(M3) Mo ci Macajr 1 Maa) (cae TM cejy? Macey? Ties), 


1 2 3 n 1 2 3 
(MB (x39 M3 cei» M3 cy» MB, (Uhscao’ Oita)" UMacxy Ulbscay) 
(Mavi Macey» Macey Macy) 
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1 2 3 1 2 3 n 1 2 3 n 7 
(Chace CMacxiy Cac)? ay Chewy) , (Moc M5(x;)) M5 (x; iy Mix) (Fhecen* Fasc)? Fitsc)? vA Flacco) 
Mi) Mo cxiyr MS ci Macey MBxey, € PCED}. 


and 


No = 
{Mice Nice Nice Mcp), 
al 2 3 1 2 3 
(Nace) Nx@)) No)» ny New) (Thea ieny TNoce,)? uo They) 


(N3c, N3cei Nace; naa? N3Ge)) (Chea? Nace? U Nae)? tee) Unseen) 
(Naceiy Naceny Nacey » Nay) 
(Chae CN aca! CNacy’ ee Caco) NS)» Nsccyy sca Nace) (Fasey» Frisexi Fr scxy’ oe Fae) 
Hey NG) N3 Ge)» Hey Ns) E P(E)}. 
be two MGSVNOPSs. 
i. Average U operation for M“ and N° is defined as 


M© Uy N© = {(((M,N)?, (x;), (M, N)2, (1), (MN)", (x:)), 


((M, N)*, (xj), (M,N)? (x), (MN), i) (Tan) ocey Tan) (eprs 


ToM.N)2(ei))» 
((M,N)*, (xi), (M,N)? , (i), (MLN) 34) Uta myacep Uauoeprs 
Ue ) 
(MN)2(xi)/? 
((M,N)*, (x), (M,N)? (2%), MN)" i) (Corny ocx» Cmaps 
Cy ) 
(MN )2(xi)”? 


((M, N)*, (x;), (M, N)?,(x;), «(ML N)" (a) (Fancy Faanyo cea» FON)» 
(M,N)", (i), M,N)", i), CM ND" i), MND", i), WN)" ri) € 
P(E)}. 
Where, 
(M, N)", (xi) = Mi (xj) U Ni (x) 


(M, N)", (x) = Mz (x) U Nz (x) 
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(M,N), (xj) = M3 (x) U Nz (xj) 
(M,N)", (4) = ME (x) U Na (x) 
(M,N)".(x;) = Me (x;) U Ne (x;) 


and 


n n 
7 — Tan @+T a.) 
(M,N)2(xj) 2 


n n 
yn — Gem ,ce)+ Uw) 3p) 
(MNase) => 


n n 
cn Com), +F aad 
(Ne) => 


n n 
pn — Fanscp+Fv)sod 
(M,N)5 (xj) 2 


i=1,...,j;n=1,...,p. 


ii. Average N operation for M¢ and N° is obtained by taking the intersection 
operation (N) instead of the union operation (U) in the (i). 
iii. Optimistic U operation for M“ and N° is defined as 


M° Uo NE = {(((M,N)1, (x), (M,N)? (x), (MND, (xD), 


((M,N)*, (xj), (M,N)? (x), (MN), i) (Temata Ten) Gers 


n 
Ton) oxi)? 
(CM, N)* (i), (M, N)*3(%4), ey (M, N)",(%)) (Un) 0) Ut n) (x) wey 
n 
UM,n)o(xi))? 
((M, N)* ,(%:), (M,N)? (1), (M,N) 4a) (Conyac Cun accep 
n 
COMN)a(xi))) 


((M, N)*,(x;), (M,N)? (2), --» (MLN) 0) (Fata cey» Patna 2 FON) o(o))) 


(M, N)", i), (M, NS (xi), (M, N)”, (x;), (M, N)",@i, (M, N)".(%) € 


Where, 


(M, N)", (xi) = Mi (%)) U Ni (x) 
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(M, N)", (x) = Mz (x) U Nz (x) 
(M,N)",(x;) = M3 (x) U N3 (x) 
(M,N)", (4) = MP (x) U Na (x) 
(M,N)".(x;) = ME (x;) U Ne (xj) 
and 
TiMw)2Ge)=max tl (My2(xi» MM)aceas 
Uiu.n) s(x) =min (my, Yn scea3 
Comnyaoe=min (COM) 4o» Cin) axo} 
Fo.n)5(ei)=min FM) sce Fans ea3 
i=1,...,j;n=1,...,p. 


iv. Optimistic n operation for M© ve N° is obtained by taking the intersection 
operation (N) instead of the union operation (U) in the (iii). 


v. Pessimistic U operation for M © and N° is defined as 
M® Up NS = {(((M,N)1, (<1), (M,N)? i), MN)" (i), 


((M, N)*, (x), (M,N), (%;), (MLN), 4) (Tayo Temanya eens 


n 
TN) o(xi))? 
((M, N)*,(x;), (M,N)? (x), MLN)" (40) Uta) ace Yea yacpyee 
Uu.nya(xi)» 
((M, N)* ,(%:), (M,N)? (4), M,N)" 4a) (Conor Cun) acepre 
n 
CoMN) a(x)? 


((M,N)*,(x;), (M,N)? (21), (MN)" 5 (01) Faanyoceay Fano eye Femnyocxp))» 
(M,N), (<i), M,N)", (x1), M,N)" (24), (M, N)", C0i), (M,N), (xi) € 
P(E)}. 
Where, 
(M, N)", (xi) = Mi (x) U Ni (x) 
(M, N)", (x) = Mz (x) U Nz (x) 


(M,N)",(x;) = M3 (x;) U N3(x;) 
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(M,N)", (i) = MP (x) U Na (x) 
(M,N)" (xj) = ME (x;) U Ne (xj) 
and 
TiMw)ace=min {Tuy cai» TN)acea3 
Ui.) s(x) =max Um), (xi Yin) ea3 
Comnyqxp=max{C(M) 40%) Cian} 
Fou.n) 5(2e))=maxl Fon sce Fon) s(x} 
i=1,...,j;n=1,...,p. 


vi. Pessimistic N operation for M © ve N° is is obtained by taking the intersection 
operation (N) instead of the union operation (U) in the (v). 


Properties 11 Let 
Moe 


(Mie Mica» Micayy 1 Mic), 


1 2 3 
(M3) Ma cei Mace Moai) (Tes Tio¢xy? FM ocx)? ? Thay) 


(M3) M3 cei» Macxpe = M3cxp) (Ube Utara’ Umar? Ulbscay) 

(Mi cxjy Macey Macey =» May) 

(ch, Be mF a, Miss pS Me ec AEN (Fi, Be ee ch at Fe my) 
Myx,» Macey M3cejy Maxi» May © P(ED}- 

No = 

(Mie Nici May Nw), 

(Ndcaiy MBean» Nacay = NBG) (Thay? Thacap? Thacay? *? Phacap) 
(NS ce,» N3xj) N3(x;)» ye N3(x)) (Uhscay? Nace)? Nace)? uy UR sen) 
(Naceiyy Nace Nace = Nacep) 


1 2 3 n 1 2 3 n 1 2 3 n P 
(Cues ON ace? ON ace? ney Recap) , (Nica, N(x)» N5(x;) teey Nacx,)) (Fscy’ Fs)! FN seep? ney Flip) 
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Nice» Nace Nac Nace (ti) E P(E)}. 
and 
pes 
{( (Pacey Pres» Pitapy + Ply), 
(Pacxp» Poop» Pr, a Prox) (Trea? Tey) Tees! “pe TBeeay 
1 2 3 n 1 2 3 
(P3¢x;)» P3¢xjp Pcp) ae P3 cx) (Whee en UP a.57 ee? Wien), 
(Pacceiyr Paar» Pacey» Paty) 
1 2 3 n 1 2 3 n 1 2 3 
Ce CP ace,y? CP ace;)? weny rs) , (Petz, PS0x,)) Nscx;)) weny New) (Feces FRscx,)" FN 5,9? 
Hen 2(2i) 30) Hen (4) E P(E)}. 


be three MGSVNOPSs. Then, the following properties are provided. 
i) MoU,N6 =NEU, ME 


ii) MoU, N° =N6U, ME 

iii) M°U'p No =N¢U'p ME 

iv) MoA,NE =NE A, ME 

v) Mon’, Nf =NE 15 ME 

vi) Mon’, No =NEn'p ME 
vii) If 

Tikes = PP ees! UMtscx,) = OP scp! CMacx) = CP acx,y! Fitscx) S ee i=1,...,j; n=1,...,p. 
Then 

MEU, (NEU, P® ) = (MEU, NS) U, PX 

viii) M° U9 (No Uo P“ ) = (ME Ug N65) Uy PX 

ix) M°Up(N© Up P“) = (M6 Up N“) Up PS 

x) If 

Thacx;) = Desi UMtscx,) = UP scp! Mac) = CPx)! Fitscx) = FP sx)? i=1,...,j; n=1,...,p. 
then 

ME fy (NE Fy PS +) = (ME i, N“) Fy PX 
xi) M©n'9 (NE Nn" PS) = (ME Ng N25) 9 PE 
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xii) M°n'p (NE n'p P®) = (ME 1p NE) 1"'p PS 
xiii) MA, (NCU, Po) = (MEH, NN“) U, (MET, PC) 
xiv) M®n'g (NEU, Po) = (ME 1" N®) Uy (ME N19 PL) 
xv) M&n'p (NE Up P“) = (ME 'p N®) Up (ME 10'p PE) 
xvi) MU, (No A, Po) = (MEU, NS) "9 (MEU, PC) 
xvii) MoU, (NE n'9 PS) = (MEU, N*) 9 (ME Uy, PS ) 
xviii) M° Up (ME n'p P“) = (Mo Up N©) 1p (ME Up PL ) 
xix) IfM® =N® then M6 U, N° = MOU, No = ME Up NG 
xx) ifM® =NS% then M6 A, NS = M6’, No = ME 'p NE 
Abbreviations 
NS: Neutrosophic Set 
NON: Neutrosophic Quadruple Number 
NQS: Neutrosophic Quadruple Set 
MVNS: Multi-Valued Neutrosophic Set 
SVNON: Set Valued Neutrosophic Quadruple Number 
SVNOS: Set Valued Neutrosophic Quadruple Set 
GSVNQS: Generalized Set Valued Neutrosophic Quintuple Set 
MGSVNOS: Multiple Generalized Set Valued Neutrosophic Quadruple Set 
MGSVNOPS: Multiple Generalized Set Valued Neutrosophic Quintuple Set 


MGSVNOPN: Multiple Generalized Set Valued Neutrosophic Quintuple Number 
4.Conclusions 


In this chapter, multiple generalized set-valued neutrosophic quintuple sets, 
multiple generalized set-valued neutrosophic quintuple numbers, some operators 
on them (average union, average intersection, optimistic union, optimistic 
intersection, pessimistic union, pessimistic intersection) are defined and their basic 
properties are given. This new set fulfills the properties of both quadripartioned 
neutrosophic sets, multiple neutrosophic sets and multiple neutrosophic quadruple 
sets. 
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5.Future Research Directions 
Researchers can use these studies to obtain interval multiple generalized set-valued 
neutrosophic quintuple sets, bipolar multiple generalized set-valued neutrosophic 
quintuple sets. In addition, researchers can use the operators obtained in this study 
in multi-criteria decision making applications to find more objective solutions to 
real-life problems. 


References 


[1] Zadeh L. A. (1965). Fuzzy sets. Information and Control, 8,338-353 

[2] Atanassov K. (1986). Intuitionistic fuzzy sets.Fuzzy Sets and Systems, 20, 
87-96. 

[3] Smarandache, F. (1998). A Unifying Field in Logics, Neutrosophy: 
Neutrosophic Probability, Set and Logic. American Research Press: 
Reheboth, MA, USA 

[4] Sahin M., Kargin A., Sarioglan A., (2023) Metric Spaces And Normed Spaces 
For Neutrosophic Numbers, 2nd Eurasia International Scientific Research 
And Innovation Congress, 6.09. 2023, Ankara, Tiirkiye 

[5] Miranda, M. L. C., Salas, R. G. C., Ruiz, M. A. B., Salas, C. E. C., Pinchi, G. A., 
Gavino, R. C. C., ... & Chavez, W. O. (2024). Measurement of the effectiveness 
of an educational program inspired by indigenous knowledge for forest 
management, applied to Forest Engineering students at the National 
University of Central Peru, using the neutrosophic 2-tuple linguistic 
method. Neutrosophic Sets and Systems, 65, 174-182. 

[6] Algazzaz, A., & Sallam, K. M. (2024). Evaluation of Sustainable Waste 
Valorization using TreeSoft Set with Neutrosophic Sets. Neutrosophic Sets and 
Systems, 65(1), 9. 

[7] Jdid, M., & Smarandache, F. (2024). Neutrosophic Vision of the Expected 
Opportunity Loss Criterion (NEOL) Decision Making Under 
Risk. Neutrosophic Sets and Systems, 65(1), 7. 

[8] Bedirhanoglu, $. B., & Atlas, M. (2024). Production Planning with The 
Neutrosophic Fuzzy Multi-Objective Optimization Technique. Neutrosophic 
Sets and Systems, 65(1), 8. 

[9] Chen, W. P., Fang, Y. M., & Cui, W. H. (2024). Logarithmic Similarity 
Measure of Neutrosophic Z-Number Sets for Undergraduate Teaching 
Quality Evaluation. Neutrosophic Sets and Systems, 66, 185-195. 


25 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve Sahin 


[10] El-Massry, A., Smarandache, F., & Mohamed, M. (2024). Empowering 
Artificial Intelligence Techniques with Soft Computing of Neutrosophic 
Theory in Mystery Circumstances for Plant Diseases. Neutrosophic Sets and 
Systems, 66(1), 6. 

[11] Vergara-Romero, A., Macas-Acosta, G., Marquez-Sanchez, F., & Arencibia- 
Montero, O. (2024). Child Labor, Informality, and Poverty: Leveraging 
Logistic Regression, Indeterminate Likert Scales, and Similarity Measures for 
Insightful Analysis in Ecuador. Neutrosophic Sets and Systems, 66(1), 9. 

[12] Surya, R., Mullai, M., & Vetrivel, G. (2024). Neutrosophic Inventory System 
for Decaying Items with Price Dependent Demand. Neutrosophic Sets and 
Systems, 66, 55-75. 

[13] Obbineni, J. M., Kandasamy, I., Ramesh, M., Smarandache, F., & 
Kandasamy, V. (2024). Neutrosophic Cognitive Maps for Clinical Decision 
Making in Mental Healthcare: A Federated Learning Approach. Neutrosophic 
Sets and Systems, 66, 1-11. 

[14] Farag, R. M., Shams, M. Y., Aldawody, D. A., Khalid, H. E., El-Bakry, H. M., 
& Salama, A. A. (2024). Integration between Bioinformatics Algorithms and 
Neutrosophic Theory. Neutrosophic Sets and Systems, 66(1), 3. 

[15] Salama, A. A., Shams, M. Y., Khalid, H. E., & Mousa, D. E. (2024). Enhancing 
Medical Image Quality using Neutrosophic Fuzzy Domain and Multi-Level 
Enhancement Transforms: A Comparative Study for Leukemia Detection 
and Classification. Neutrosophic Sets and Systems, 65(1), 3. 

[16] El-Henawy, I., El-Amir, S., Mohamed, M., & Smarandache, F. (2024). 
Modeling Influenced Criteria in Classifiers’ Imbalanced Challenges Based on 
TrSS Bolstered by The Vague Nature of Neutrosophic Theory. Neutrosophic 
Sets and Systems, 65(1), 12. 

[17] Ram, A. K., Singh, A. K., & Kumar, B. (2024). Neutrosophic Automata and 
Reverse Neutrosophic Automata. Neutrosophic Sets and Systems, 63(1), 14. 
[18] Wang, H., Smarandache, F., Zhang, Y., & Sunderraman, R. (2010). Single 

valued neutrosophic sets. Multispace and Multistructure.4, 410-413. 

[19] Smarandache, F., Sahin, M., Ulucay, V. ve Kargin, A. (2023). Quadruple 
Neutrosophic Theory And Applications-Volume 1, Neutrosophic Science 
International Association. 

[20] Chatterjee, R., Majumdar, P., & Samanta, S. K. (2016). On some similarity 
measures and entropy on quadripartitioned single valued neutrosophic 
sets. Journal of Intelligent & Fuzzy Systems, 30, 2475-2485. 


26 


Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative 
Algorithmic Approaches 

[21] Peng, J. J., & Wang, J. Q. (2015). Multi-valued neutrosophic sets and its 
application in multi-criteria decision-making problems. Neutrosophic Sets 
and Systems, 10(1), 6. 

[22] Chatterjee, R., Majumdar, R., & Samanta, S. K. (2015). Single valued 
neutrosophic multiset. Annals of Fuzzy Mathematics and Informatics. 

[23] Peng, H. G., Zhang, H. Y., & Wang, J. Q. (2018). Probability multi-valued 
neutrosophic sets and its application in multi-criteria group decision-making 
problems. Neural Computing and Applications, 30, 563-583. 

[24] Smarandache F. (2015) Neutrosophic quadruple numbers, refined 
neutrosophic quadruple numbers, absorbance law, and the multiplication of 
neutrosophic quadruple numbers, Neutrosophic Set and Systems, 10, 96 -98. 

[25] Sahin, M., Kargin, A., Generalized Set valued neutrosophic quadruple sets 
and number in Quadruple Neutrosophic Theory and Applications, Pons 
Editions Brussels, Belgium,EU, 2020 vol. 2,23-40. 

[26] Sahin M., Kargin A. & Dogan K.,(2023) Genellestirilmis Kime De@gerli 
Notrosofik Besli Sayilar, 9. Ankara Uluslararasi Bilimsel Arastirma Kongresi, 
26 Aralik 2023,Ankara,Turkiye. 

[27] Kargin, A., Sahin, M., & Sigva, K. A. (2024). Operators Based On Multiple 
Generalized Set-Valued Neutrosophic Quadruple Sets. Neutrosophic Sets 
and Systems, 70, 107-136. 

[28] Ulucay, V., Sahin, M., Olgun, N., & Kilicman, A. (2017). On neutrosophic 
soft lattices. Afrika Matematika, 28(3), 379-388. 

[29] Sahin M., Olgun N., Ulucay V., Kargin A. and Smarandache, F. (2017), A 
new similarity measure on falsity value between single valued neutrosophic 
sets based on the centroid points of transformed single valued neutrosophic 
numbers with applications to pattern recognition, Neutrosophic Sets and 
Systems, 15, 31-48, doi: org/10.5281/zenod0570934. 

[30] Ulucay, V., Deli, I., & Sahin, M. (2018). Similarity measures of bipolar 
neutrosophic sets and their application to multiple criteria decision making. 
Neural Computing and Applications, 29(3), 739-748. 

[31] Sahin, M., Alkhazaleh, S., & Ulucay, V. (2015). Neutrosophic soft expert sets. 
Applied mathematics, 6(1), 116. 

[32] Sahin, M., Ulugay, V., & Deniz, H. (2019). Chapter Ten A New Approach 
Distance Measure of Bipolar Neutrosophic Sets and Its Application to 
Multiple Criteria Decision Making. NEUTROSOPHIC TRIPLET 
STRUCTURES, 125. 

[33] Kargin, A., Dayan, A., & Sahin, N. M. (2021). Generalized Hamming 
Similarity Measure Based on Neutrosophic Quadruple Numbers and Its 
Applications to Law Sciences. Neutrosophic Set and Systems, 40, 45-67. 


27 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve Sahin 


[34] Sahin, N. M., & Uz, M. S. (2021). Multi-criteria Decision-making 
Applications Based on Set Valued Generalized Neutrosophic Quadruple Sets 
for Law. International Journal of Neutrosophic Science (IJNS), 17(1). 

[35] Sahin, N. M., & Dayan, A. (2021). Multicriteria Decision-Making 
Applications Based on Generalized Hamming Measure for Law. 
International Journal of Neutrosophic Science (IJNS), 17(1). 

[36] Kargin, A., & Sahin, N. M. (2021). Chapter Thirteen. NeutroAlgebra Theory 
Volume I, 198. 

[37] Sahin, S., Kisaoglu, M., & Kargin, A. (2022). In Determining the Level of 
Teachers' Commitment to the Teaching Profession Using Classical and Fuzzy 
Logic. Neutrosophic Algebraic Structures and Their Applications, 183-201. 

[38] Sahin, S., Bozkurt, B., & Kargin, A. (2021). Comparing the Social Justice 
Leadership Behaviors of School Administrators According to Teacher 
Perceptions Using Classical and Fuzzy Logic. NeutroAlgebra Theory 
Volume I, 145. 

[39] , S., Kargin, A., & Yiicel, M. (2021). Hausdorff Measures on Generalized Set 
Valued Neutrosophic Quadruple Numbers and Decision Making 
Applications for Adequacy of Online Education. Neutrosophic Sets and 
Systems, 40, 86-116. 

[40] Qiuping, N., Yuanxiang, T., Broumi, S., & Ulugay, V. (2023). A parametric 
neutrosophic model for the solid transportation problem. Management 
Decision, 61(2), 421-442. 

[41] Ulucay, V., & Deli, I. (2023). Vikor method based on the entropy measure 
for generalized trapezoidal hesitant fuzzy numbers and its application. Soft 
Computing, 1-13. 

[42] Baser, Z., & Ulugay, V. (2024). Energy of a neutrosophic soft set and its 
applications to multi-criteria decision-making problems. Neutrosophic Sets 
and Systems. Accepted for publication 

[43] Broumi, S., krishna Prabha, S., & Ulugay, V. (2023). Interval-Valued 
Fermatean Neutrosophic Shortest Path Problem via Score Function. 
Neutrosophic Systems with Applications, 11, 1-10. 

[44] Ulucay, V., & Okumus, N. (2024). A new generalized similarity measure 
based on intuitionistic trapezoidal fuzzy multinumbers: Turkey's 
sustainable tourism economy strategy application. Journal of Fuzzy 
Extension and Applications, 5(2), 238-250. 

[45] Ulucay, V., & Deli, I. (2024). TOPSIS-Based Entropy Measure for N-Valued 
Neutrosophic Trapezoidal Numbers and Their Application to Multi-Criteria 
Decision-Making Problems. In Analytical Decision Making and Data 
Envelopment Analysis: Advances and Challenges (pp. 433-454). Singapore: 
Springer Nature Singapore. 


28 


Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative 
Algorithmic Approaches 

[46] Baser, Z., & Ulugay, V. (2024). Effective Q-Fuzzy Soft Expert Sets and Its 
Some Properties. Uncertainty Discourse and Applications. 

[47] Bakbak, D., & Ulugay, V. (2019). Chapter Eight Multiple Criteria Decision 
Making in Architecture Based on Q-Neutrosophic Soft Expert Multiset. 
Neutrosophic Triplet Structures, 90. 

[48] Ulucay, V., & Sahin, M. (2019). Neutrosophic multigroups and 
applications. Mathematics, 7(1), 95. 

[49] Ulucay, V. (2021). Some concepts on interval-valued refined neutrosophic 
sets and their applications. Journal of Ambient Intelligence and Humanized 
Computing, 12(7), 7857-7872. 

[50] Sahin, M., Deli, I, & Ulugay, V. (2016). Jaccard vector similarity measure of 
bipolar neutrosophic set based on multi-criteria decision making. Infinite 
Study. 

[51] Sahin, M., Ulugay, V., & Menekse, M. (2018). Some New Operations of (a, 
8, y) Interval Cut Set of Interval Valued Neutrosophic Sets. Journal of 
Mathematical & Fundamental Sciences, 50(2). 

[52] Sahin, M., Ulugay, V., & Acioglu, H. (2018). Some weighted arithmetic 
operators and geometric operators with SVNSs and their application to 
multi-criteria decision making problems. Infinite Study. 

[53] Sahin, M., Deli, I, & Ulucay, V. (2017). Extension principle based on 
neutrosophic multi-fuzzy sets and algebraic operations. Infinite Study. 

[54] Deli, L, Ulugay, V., & Polat, Y. (2021). N-valued neutrosophic trapezoidal 
numbers with similarity measures and application to multi-criteria decision- 
making problems. Journal of Ambient Intelligence and Humanized 
Computing, 1-26. 

[55] Sahin, M., Ulugay, V., & Broumi, S. (2018). Bipolar neutrosophic soft expert 
set theory. Infinite Study. 

[56] Sahin, M., Kargin, A., & Yalvag, D. (2024). Some Operators For Interval 
Generalized Set Valued Neutrosophic Quintuple Numbers And Sets. 
Neutrosophic Sets and Systems, 70(1), 10. 

[57] Ulugay, V., & Sahin, M. (2024). Intuitionistic fuzzy soft expert graphs with 
application. Uncertainty discourse and applications, 1(1), 1-10. 

[58] Kargin, A., & Sahin, M. (2023). SuperHyper Groups and Neutro-— 
SuperHyper Groups. 2023 Neutrosophic SuperHyperAlgebra And New 
Types of Topologies, 25. 

[59] Bakbak, D., Ulucay, V.,(2023). Multi-criteria decision-making method based 
on intuitionistic trapezoidal fuzzy multi-numbers and some harmonic 
ageragation operators: Application of Architucture. 2023 Neutrosophic 
SuperHyperAlgebra And New Types of Topologies, 172. 


29 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulugay, Abdullah Kargin &N. Merve Sahin 


[60] ULUGAY, V., & SAHIN, N. M. (2023). Some harmonic aggragation 
operators with trapezoidal fuzzy multi-numbers: Application of Law. 2023 
Neutrosophic SuperHyperAlgebra And New Types of Topologies, 202. 

[61] Bakbak, D., Ulucay, V., & Edalatpanah, S. A. (2024). Trapezoidal fuzzy 
multi-number preference relations based on architecture multi-criteria 
decision-making application. Iranian Journal of Fuzzy Systems, 21(2), 51-65. 

[62] Okumus, N., & Kesen, D. (2024). Power aggregation operators on 
trapezoidal fuzzy multi-numbers and their applications to a zero-waste 
problem. Annals of Fuzzy Mathematics and Informatics, 27(2), 169-189. 

[63] Kesen, D., & Deli, I. (2022). A novel operator to solve decision-making 
problems under trapezoidal fuzzy multi numbers and its application. Journal 
of New Theory, (40), 60-73. 

[64] Deli, I, & Kesen, D. (2023). Bonferroni arithmetic mean operator of 
trapezoidal fuzzy multi numbers and its decision-making application to 
crafting the ideal student dormitory. Journal of New Results in Science, 12(3), 
166-187. 

[65] Ulucay, V., Sahin, M., & Olgun, N. (2018). Time-neutrosophic soft expert sets 
and its decision making problem. Infinite Study. 

[66] Sahin, M., & Ulugay, V. (2020). Soft Maximal Ideals on Soft Normed 
Rings. Quadruple Neutrosophic Theory And Applications, 1, 203. 

[67] Ulucay, V., Sahin, M., & Olgun, N. (2016). Soft normed rings. SpringerPlus, 5, 
1-6. 

[68] Ulucay, V., Sahin, M., Olgun, N., Oztekin, O., & Emniyet, A. (2016). 
Generalized Fuzzy o-Algebra and Generalized Fuzzy Measure on Soft 
Sets. Indian J. Sci. Technol, 9(4), 1-7. 

[69] Kesen, D., & Deli, I. (2023). Trapezoidal fuzzy multi-aggregation operators 
based on Archimedean norms and their application to multi-attribute 
decision-making problems. In Data-Driven Modelling with Fuzzy Sets (pp. 
93-137). CRC Press. 

[70] Sahin, M., Ulugay, V., & Yilmaz, F. S. (2019). Chapter twelve improved 
hybrid vector similarity measures and their applications on trapezoidal 
fuzzy multi numbers. Neutrosophic triplet structures, 158. 

[71] Broumi, S., Bakali, A., Talea, M., Smarandache, F., & Ulugay, V. (2017, 
December). Minimum spanning tree in trapezoidal fuzzy neutrosophic 
environment. In International Conference on Innovations in Bio-Inspired 
Computing and Applications (pp. 25-35). Springer, Cham. 

[72] BAKBAK, D., & ULUCAY, V. (2021). Hierarchical Clustering Methods in 
Architecture Based On Refined Q-Single-Valued Neutrosophic Sets. 
NeutroAlgebra Theory Volume I, 122. 


30 


Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative 
Algorithmic Approaches 

[73] ULUGAY, V. (2020). Cok Kriterli Karar Verme Uzerine Dayali Yamuksal 
Bulanik Coklu Sayilarin Yeni Bir Benzerlik Fonksiyonu. Journal of the 
Institute of Science and Technology, 10(2), 1233-1246. 

[74] Sahin, M., Olgun, N., Kargin, A., & Ulucay, V. (2018). Isomorphism 
theorems for soft G-modules. Afrika Matematika, 29, 1237-1244. 

[75] Olgun, N., Sahin, M., & Ulucay, V. (2016). Tensor, symmetric and exterior 
algebras Kahler modules. New Trends in Mathematical Sciences, 4(3), 290-295. 

[76] SAHIN, M., & ULUCAY, V. (2019). Fuzzy soft expert graphs with 
application. Asian Journal of Mathematics and Computer Research, 26(4), 216- 
229, 

[77] Ulucay, V., Sahin, M., Olgun, N., & Kiligman, A. (2016). On soft expert 
metric spaces. Malaysian Journal of Mathematical Sciences, 10(2), 221-231. 

[78] Sahin, M., Ulucay, V., Edalatpanah, S. A., Elsebaee, F. A. A., & Khalifa, H. 
A. E. W. (2023). (alpha, gamma)-Anti-Multi-Fuzzy Subgroups and Some of 
Its Properties. CMC-COMPUTERS MATERIALS & CONTINUA, 74(2), 3221- 
3229. 

[79] Kargin, A., Dayan, A., Yildiz, L& Kilic, A. (2020). Neutrosophic Triplet m- 
Banach Spaces (Vol. 38). Infinite Study. 

[80] Sahin, M., Kargin, A., & Yildiz, L. (2020). Neutrosophic triplet field and 
neutrosophic triplet vector space based on set valued neutrosophic 
quadruple number. Quadruple Neutrosophic Theory And Applications, 1, 
52. 

[81] Broumi, S., Bakali, A., Talea, M., Smarandache, F., Ulucay, V., (2017). 
Minimum spanning tree in trapezoidal fuzzy neutrosophic environment. In 
International Conference on Innovations in Bio Inspired Computing and 
Applications (pp. 25-35). Springer, Cham. 

[82] Ulucay, V., Deli, I., & Edalatpanah, S. A. (2024). Prioritized Aggregation 
Operators of GTHFNs MADM Approach for the Evaluation of Renewable 
Energy Sources. Informatica, 1-24. 

[83] Kargin, A., Sahin, M., & Sigva, K. A. (2024). Operators Based On Multiple 
Generalized Set-Valued Neutrosophic Quadruple Sets. Neutrosophic Sets 
and Systems, 70, 107-136. 

[84] Okumus, N., & Uz, M.S. (2022). Decision Making Applications for Business 
Based on Generalized Set-Valued Neutrosophic Quadruple Sets. 
International Journal of Neutrosophic Science (IJNS), 18(1). 

[85] OKUMUS, N., & ULUCAY, V. (2022). Chapter Thirteen. A Comparative 
Analysis for Multi-Criteria Decision-Making Methods: TOPSIS and VIKOR 
methods using NVTN-numbers for Application of Circular Economy 
Neutrosophic Algebraic Structures and Their Applications, 201. 


31 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve Sahin 


[86] Pratyusha, M. N., & Kumar, R. (2024). Advancements in Critical Path 
Method Using Neutrosophic Theory: A Review. Uncertainty Discourse and 
Applications, 1(1), 73-78. 

[87] Sezgin, A., & Yavuz, E. (2024). Soft Binary Piecewise Plus Operation: A New 
Type of Operation For Soft Sets. Uncertainty Discourse and Applications, 
1(1), 79-100. 


32 


Chapter 2 


Hamming Distance Measure for interval generalized 


set valued neutrosophic quadruple numbers 


Memet SAHIN}, Abdullah KARGIN? and Damla YALVACG? 


‘Department of Mathematics, Gaziantep University, Gaziantep 27310-Turkey; 
mesahin@gantep.edu.tr 
"Department of Mathematics, Gaziantep University, Gaziantep 27310-Turkey; 
kargin@gantep.edu.tr 
sDepartment of Mathematics, Gaziantep University, Gaziantep27310-Turkey; 
damlaylvc1453@gmail.com 


ABSTRACT 


In this study, we define a Hamming similarity measure for interval 
generalized set valued neutrosophic quadruple numbers. It is shown that this 
Hamming similarity measure satisfies the similarity measure conditions. 
Furthermore, an example application was carried out using the Hamming similarity 
measure defined for interval generalized set-valued neutrosophic quadruple 
numbers. In this application, the similarities of 10 fictitious universities to the ideal 
university were analyzed using the factors affecting university choice. In addition, 
similarities were also calculated with Hamming measures defined for interval- 
valued neutrosophic numbers and generalized set-valued neutrosophic quadruple 
numbers and the results were compared. Although this application was made with 
fictitious data, researchers can apply this similarity measure with real data to obtain 
more objective results. Researchers can obtain new results in real-life problems by 
improving this similarity measure or using it in different decision-making 


applications. 


Keywords: Neutrosophic quadruple sets, Neutrosophic quadruple numbers, 
Generalized set valued neutrosophic quadruple sets, Generalized set valued 


quadruple numbers, Hamming similarity measure. 
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1.INTRODUCTION 


In 1998, Florentin Smarandache defined the neutrosophic set theory [1]. In 
this theory, the elements in the set are expressed by the values of truth T, 
indeterminacy I and falsity F, making the mathematical expression of ambiguous 
situations very objective. Also, in 2010, Wang et al. defined SVNSs [2]. In these sets, 
the truth, indeterminacy and falsity values of each element are in the range of [0,1]. 
In 2020, Kargin et al. defined neutrosophic triple m-Banach spaces [3]. In 2020, Sahin 
et al. obtained neutrosophic ternary partial bipolar metric spaces [4]. Moreover, it 
was shown that neutrosophic ternary partial bipolar metric spaces have different 
properties from the classical partial metric space, neutrosophic ternary partial 
metric space and neutrosophic ternary metric space structures. Thus, the theory of 
neutrosophic metric spaces was shown to be more comprehensive. In 2021, Sahin 
defined the notion of homomorphism on the neutrosophic multigroup and the 
homomorphism kerlf, automorphism, homomorphic image and homomorphic 
preimage of the neutrosophic multigroup, respectively [5]. In 2022, Hawk obtained 
neutro-sigma algebras and anti-sigma algebras [6]. In 2024, Ali et al. defined some 
mean and geometric operators based on the q-digit orthopair neutrosophic soft set 
[7]. In 2024 Kaviyarasu et al. developed circular economy strategies to promote 
sustainable development using t-neutrosophic fuzzy graphs [8]. In 2024, Futjita 
aimed to extend the study of neutrosophic graphs by defining general-neutrosophic 
graphs, anti-neutrosophic graphs, balanced-neutrosophic graphs, and semi- 
neutrosophic graphs [9]. 

In 2005, Wang et al. defined IVNSs as an important stage in the progress of 
neutrosophic theory [10]. This new concept is based on expressing truth, 
indeterminacy and falsity values as an interval instead of a fixed number. Thus, a 
wider range of uncertainties can be taken into account in decision-making 
processes, rather than relying only on a single precise value. Baser and Ulucay [29] 
defined Effective Q fuzzy soft expert sets its some properties. In 2024, Alqazzazaz 
and Sallam in Industry 4.0 used a multi-criteria decision making (MCDM) approach 
for supplier selection process in Industry 4.0, using IVNSs to handle uncertainties, 
resulting in more flexible and reliable evaluations [11]. Baser and Ulucay [44] 
defined energy of a neutrosophic soft set. In 2024, Razak et al. proposed a new 
concept based on Interval Valued Pythagorean Neutrosophic Set to deal with 
uncertainty and incomplete information [12]. In 2024, Palanikumar et al. presented 
a new approach to the (6, €) interval-valued neutrosophic set, an extension of 
interval-valued neutrosophic sets [13]. In 2024, Saeed et al. extended the interval- 
valued neutrosophic fuzzy soft set (IVNFSS) to interval-valued neutrosophic fuzzy 
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set (IVNFSS) and developed a hybrid concept that includes complementary, 
combinatorial, and integrative operations and a quality assessment distance 
measure to improve decision-making truth [14]. 

In 2015, Smarandache defined neutrosophic quadruple sets and 
neutrosophic quadruple numbers for the first time, providing a significant 
expansion in the field of neutrosophic logic [15]. Neutrosophic quadruple sets, like 
neutrosophic sets, include the parameters truth (T), indeterminacy (I) and falsity (F), 
but are structured to include both the known and unknown components of these 
parameters. In 2019, Sahin and Kargin defined set-valued neutrosophic quadruple 
numbers and neutrosophic triple groups based on neutrosophic quadruple 
numbers [16]. New mathematical structures were defined by using set-valued 
neutrosophic quadruple numbers and neutrosophic triple groups together. Thus, 
new results were obtained in the field of set-valued neutrosophic quadruple 
numbers. The above-mentioned theories have been studied in various fields [29-90]. 
In 2020, Sahin et al. generalized neutrosophic quadruple sets and numbers [17]. In 
2022, Kargin and Sahin defined IGSVNQSs [18]. A new structure was developed 
based on GSVNOSs and IVNNs. This structure provides the properties of GSVNQSs 
and interval neutrosophic sets. In 2024, Kargin et al. defined multivalued 
generalized set valued neutrosophic quadruples and sets as a generalized form of 
multivalued neutrosophic numbers and neutrosophic quadruple sets [19]. This new 
set was constructed using GSVNQSs and multiple neutrosophic sets. The resulting 
structure contains the properties of both sets. In 2024, Al Tahan et al. defined the 
concept of neutrosophic quadruple Hv-modules on neutrosophic quadruple Hv- 
rings [20]. 

In 2014, Ye defined similarity measures for SVNSs for the first time [21]. In 
2014, Ye defined the Hamming similarity measure for IVNSs [22]. In 2021, Kargin 
et al. developed a Hamming similarity measure for GSVNQNs. They also proved 
that this new approach provides more accurate results than previous methods for 
decision-making problems in legal science and other fields [23]. In 2021, Sahin et al. 
defined Euclidean distance and similarity measures based on GSVNQONs. 
Moreover, an algorithm based on the generalized Euclidean similarity measure was 
developed and demonstrated that this algorithm can be used in multi-criteria 
decision-making processes in the healthcare domain, such as COVID-19 treatment 
[24]. In 2021, Sahin et al. defined Hausdorff distance and similarity measures based 
on GSVNQNs and developed anew decision-making algorithm. This algorithm had 
an application in evaluating the effects of online learning [25]. In 2024, Mustapha et 
al. developed a hybrid weighted similarity measure based on neutrosophic sets, 
aiming to improve medical diagnosis processes in analyzing patient symptoms with 
indeterminacy [26]. In 2024, Rahman et al. developed a new structure and 
algorithms that provide flexibility and reliability in decision support systems by 
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combining probabilistic neutrosophic set with hypersoft set to effectively deal with 
uncertainties [27]. 

In 2016, Odabas et al. determined the factors affecting university students’ 
university preferences by pairwise comparison method. Data of 863 students 
studying at Hacettepe, Siirt and Aksaray universities in 2012 were analyzed. The 
findings show that, in general, the most important factor affecting university 
preference in all student groups is score ranking. Especially for Hacettepe 
University students, the quality of education ranked first, while for Siirt and 
Aksaray University students, being close to family or friends was the most decisive 
reason for preference. In addition, it was concluded that score ranking was the most 
important criterion in the groups of students who were satisfied and dissatisfied 
with their university choices [28]. 

The chapter is organized as follows: In the background Section, we present 
the basic definitions and properties to be used in this study. In the Research and 
Results Section, the Hamming similarity measure for IGSVNOQNs numbers is 
defined and shown to satisfy the similarity conditions. In the Application section, 
we performed a similarity analysis for the factors affecting university selection 
using IGSVNQNs. In this application, the similarities of 10 fictitious universities 
with an ideal university were calculated using the Hamming similarity measure. In 
the comparison section, the results obtained for IVNNs and GSVNQNs are 
compared with the IGSVNNs used in the application. This comparison was done in 
order to evaluate how consistent and reliable the similarity measures are between 
different sets. In the conclusion, the findings of the study are summarized and 
suggestions for future research are presented. 

2.BACKGROUND 
Definition 1: [2] Let D #9. For VYz, € D. A SVNS Y over D with functions; is 
defined as 


Y= (Gir. T Gg,!Ge,» Fp.) Ua ede=12. a} 
such that 
Os Ty, +195, + Fay, £3, 
Tg:D > [0,1], Ig:D > [0,1] and Fg:D > [0,1]. 


Where Tg, ,/g,, and Fg, are the degree of thuth, degre of indeterminancy and 
degree of falsity of Yz, € D respectively. 


Definition 2: [10] Let D + @. For Ys, € D. An IVNSs Y over D with functions is 


defined as 
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9 ={< Gs. [TH THe, | [Ube !4s,] [Fue Plo.| > Gar € Die = 1.2, a). 
Here, 


Ts, TZ, | ; 4.44. | and [Fe Fd, are intervals 

Ti: D => [0,1], Tj :D > [0,1] are truth functions, 

ly: D => [0,1], Ig: D — [0,1] are indeterminancy functions, 
Fy: D > [0, 1 Fe :D — [0,1] are falsity functions. 


Definition 3:[16] Let D # @ and P(D) be the power set of D. An set valued 


neutrosophic quadruple numbers 


(Y, UrT, UL YrF). 


Here, the components T, I and F are respectively the truth, indeterminacy and 
falsity functions in the SVNSs. In addition, 


Y, Ur, Up Yr € P(D). 
Also, a set valued neutrosophic quadruple set 
YoY, Url, YL UrF), Y Ur, Ui Ur € P(D)} 


is shown in the form. Here it is 


is called known part and 


“Url YL YrF” 
is called the unknown part. 


Definition 4:[18] Let D be a set and P(D) be the power set of D. An IGSVNQS is 
represented as 


y — {< (Ag,), (Agr IT ’9, Tg.) (Ag, [lg 1"9,] (Ag rlF’g, FY]; 
(Ag,),(Ag,)rIT “9, T’g,|, (Ag,)1 [Ig 1" q, | (Ag JelF’ oy Fg]; 
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(Ag,), Aga )r[T gaT Gal Agadll gar! Gal Agade LF’ Gar FY gal 
(Ag), (Agr, (Agr (Agr €P(D):¢ = 1,233) «.;.a}. 
Here, the components T'g,,T!g,1"g,.1"g,, Fg, F’g, are truth, indeterminacy and 
falsity functions in the IVNSs. In addition, 


(Ag,), (Agr, (Agr (Ag.Jr © PD). 
Also, an IGSVNONs 
(Y"), = i< (Ag,),(AgrlT’g,.T"9,], (Ag il’ g tg], (Ag, el[F’g, F’g,| >} 
is shown in the form. Here it is, 
Ml (Ag,)” 
is called known part and 
“(Agr [T9, T’9,], (Ag,)1 [Ig Ig, (Ag rlF’g,, F'g.|” 
is called the unknown part. Also, 
Q={(Y") 3¢ =12,..,4} 
is shown in the form. 
Definition 5: [18] Let 
y 7 {< (Ay,),(Ag,rlT"g, Tg.) (Ay, ill’ g,, Iq], (Ag rlF’g,, Reg. |; 


(Ag,),(Ag,)r [T"g,) T’g,|, (Ag,)1 [I'g,, 1% q, | (Age lF’ oy F’q]; 


(Ag,)) (Ag )rlT gy T’ G4], (Ag,)1 [Ig I"q,), (AgJrlF’ gy F’g, >: 
(Ag), (Agr, (Agr (Agr € P(D); ¢ = 1,2,3, 3; a} 


and 
£={< (Ag) (Ag) ole T 22, | Ag) [ee 122) Ag elFte, E24, |; 


(Ag) (Ag, 7 [T4772 |) Agile 172, Ag elF ie, Fe |; 


(Az,), (Az) 7 [72.77 9g, | Agee, 172, )) (Age lP te Fee, Pe 
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(Az.), (Az)r, (Az), (Agr € P(D); c = 1,2,3,..., a} 
be IGSVNOQSs. 
i. Lisaequalto Y (Y = L) if and only if 
(Ag,) = (4z,), (Ag, = (Az, 7 (Ag,)1 = (Az,)n (Age = (Az: 
Tg, a a a TY" 9, a TYE I'g, = iy I" 4g, — eae Fra, - Fn Peg: = ae 
ii. Lisasubset of Y (Y c L) if and only if 
(Ag,) © (Az,), Agr © Az) 7, Ag © (AzJn (Agr © AzJr 
Tg, Ss Tt T'G, S EG I'g, 2 Pe, I" 9, 2 ae Fra, 2 Fie, FYG, zs Lape 
Definition 6: [21] Let 
Uy = (Ue TGs.) Ge? Fg.) and U2 = (Ye) TGs! Ge,’ Fq,,) 
be SVNNs, Sy:Y; X Y2 > [0,1] be a function. The Hamming similarity measure 
between Y, and Y, denoted by $,(Y;1,Y2) such that 
ae 1 
Su(Yi Yo) = 3 [IP a0, 7 'Gs, | Ls Ie, 7 Iy,,| a Fue, a FGs, |: 
Theorem 1: [21] Let Y,, Y2 and Y; three SVNNs, $4: Y; x Y2 — [0,1] be a Hamming 


similarity measure. Su(Y1, Y2) satisfies below properties. 


i 05 Sy(Y1,Y2) <1, 
ii, Su(Yi G2) =1 ON =Y, 
ill. Su(Us, Yo) = Sy (U2, V1) 
iv. If Y¥, SY, SY; ,then 
Su(Uu Ys) S Sux (GYr Yo) and Sy (Gr, Ys) < Su(Yo, Ys). 
Definition 7:[22] Let 
(9”), 7 {< (Yd[T"g,T"9,), [gt], [Fg F’ a, >} 
and 
(9%), = {< (Yo),[T"g,.T"g,|, [9,1 9, LIF’ g, F’ a] >} 
be two IVNNs. Sy:(Y), x (Y"), > [0,1] be a function. The Hamming similarity 
measure between (Y% Me and (Y% )s denoted by Sy (9%), (%),) such that 


Si ((9%),.(9),) 


6 
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Definition 8:[23] Let 

(9"), = {< (Ag,),Ag)rTG,, Ag)! 9,, Ag rFg, >} 
and 

(9™), = {< (Ag,),Ag,)rTg,, (Ag) /9,,(Ag,)rFg, >} 


be two IGSVNONs. Sy: (Y% iF x (Y" ye > [0,1] be function. The Hamming 
similarity measure between Y, and Y, denoted by 54(Y;, Y2) such that 


oe 2 1 (Tg, —T¢,| + |1g, -19,|+ |Fe, - Fa, 
55 ((9"),(0"),)=1-3| cA a tal |Fy wel) 


( 5((4g,)4g,)) 5((4g,)r9@g, Jr) s((4g,)19g,)1) 5((4g,)r0(4g,)F) } 
4 } : + 
maks{1,S((Ag,)U(Ag,))}  maks{1S((4g,)rU(Ag,)r)} — maks{1,5((4g,):U(Ag,)1)} — maks(1,5((Ag, )rUCAg, Ff 

z E 


3.HAMMIING DISTANCE MEASURE FOR INTERVAL 
GENERALIZED SET-VALUED NEUTROSOPHIC QUADRUPLE 
NUMBERS 


Definition 9 Let 

an) = i< (Ag,),(Ag rT’ 9,7" 9,), (Ag lg! 9), (Ag rl[F’g» F’g,| >} 

caer = i< (Ag,),(Ag,)r[T"g,.T 9,], (Ag ill gf" g, | Age lF’ gy FG, >} 

be two IGSVNONs. Sy: (Y™ yy x (Y"% a — [0,1] be a function. Then, 

Si ((Y"),(9"),) 

=1 

_1lt'g, — Tg, 1+ leg, — gL + Fg, — Fg, | + 1P%9, — Ta Lt lg, — a | + lF%e, - FP al 
2 6 

ee ( S(C4g,04g)) (Ag rOG4y,dr)—S(Ag Mg) S(Ag eM, F) 

maks{1,S((4g,)U(Ag,))}  maks{1,S((Ag,)rU(Ay,)r)} — maks{1,5((Ag,)U(Ag,)1)} — maks{1,5((4g, )rUCAg,)F)} 
4 
is called generalized Hamming similarity measure for IGSVNONs. 
Example 1: Let 


CG") = 1s 1tte7 280°, 2°) (27587 10.82,0.5], 40° £°3(0-150.75], 12°07, 4°3[0,0.2] 
>} 
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and 


(GY), = {< (#4, #5, £9}, (£5, £7}[0, 0.25], (£°}[0.55, 0.7], {#5}[0.1, 0.8] >} 


be two IGSVNQNs and Sy ((g" ) (go ),) be generalized Hamming similarity 
measure for IGSVNONs. Then 


Su ((9"),(G"),) 

=1 

-3{Fe. Sg | gg FP le get le ge alee Pg FG 
2 6 


( S((4y,)N(4y,)) S((4g,)rn(Ag,)r) S((4y,)19(Ag,)1) s((4y,)r(Ag, )r) 
| (em ai Ree EE ae A 2 2 rs ec 
maks{1,S((Ag, )U(Ag,))} maks{1,S((Ag,)rU(Ag,)r)} maks{1,S((Ag,)/U(4g,)1)} maks{1,5((Ag,)rU(Ag,)r)} 


a 4 
=1 
1 [0.32 — 0] + ]0.1 — 0.55| + [0 — 0.1] + |0.5 — 0.25] + |0.75 — 0.7| + |0.2 — 0.8| 
2 6 
3 0 0 al 
4— + + + 
‘3 (aa we maks({1,3} aaa) = 0373: 

Theorem 2: Let 


(9™), = {< (Ag,),Ag rl? 9,7’ 9.) (Ag il g. tg], (Ag el[F’g, F’g,| >}, 
(9"), = {< Ag.) Ag rl? 9,7 ’o,) gl! aya) Ag delF a, F’9] >} 
and 

(9”), ={< (Ag,),(Ag,)r[T"g,-T 9], (Ag, ill’ gl" ge), (Ag,)r LF’ gg, Fg, >} 


be three IGSVNQNs and Sj: (Y” ), x (Y" ) + [0,1] be generalized Hamming 


similarity measure in Definition 9. Then, 5} satisfies the following conditions. 
i) Su ((G™),.(9"),) € [0.11 

ii) Su ((9"),.(G"),) =1 (G"), = G"), 

itt) Se ((9"),.(9"),) = Sn ((G") 9"), ) 

iv) If (Y"), < (9%), © (Y"),, then 
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51 ((9"),(G"),) < Sa ((9"),.(G"),) and Si ((9"),.(G"),) < 1 ((G") G"),) 
Proof: 
i) Let (9”), = (9%), . Then, 


Si ((9"),.(9"),) 


=1 
Ag. = alt a ale lo HP ole eat elt Pa ol FP oe Po. 
2 6 
oe ( S((4g,)9Ag,)) S((4g,)r0(4g,)r) S((4g,)19(Ag,)1) S((4g,)eM(4g, )e) 
i maks{1,S((Ag, )U(Ag,))} maks{1,S((Ag, )rU(4g,)r)} maks{1,S((Ag,)/U(4g,)1)} maks{1,5((Ag,)rU(Ag,)r)} 
4 
_1 _ 1[o+oro+o+0+0 | 4-[141+1+4) 
Pon Ge Er —ee | 
=1 (1) 
Thus max (Si ((9"),. (9"),)} = 1. 
Now, let 


(Ag,) 9 (Ag,) = % Ag)7r 9 Agr = 9, Ag) 9 4g): = % Ag Jr 9 (Ag,)r = 9 
and 


[T'g, —T'g,| =1 


U_ U_ o2 
Tg, -T’g | =1 


ig, alah 


US... 2 FO <2 
Mg, - Mg |=1, 


|F’g, —F'g,|=1 


U_ Use os 
F g,—F eee 


Then 

Si ((9"),,"),) 

=1 

-3|Fa —T*g,| + |g, — a | + |F’9, — Fg, | + |", — To, + "9, — 19, | + |F'g, — F's, 
2 6 


( S((4g,)9g,)) S((Ag, 74g, )r) S((Ag, 14g, 1) S((Ag, ry, )) 

AS (ee 

maks{1,5((Ag,)U(Ag »)} maks{1,5((Ag,)rUC4g r)} maks{1,5( (Ag, )rU(Ag )} maks{1,5((Ag,)rU(4g,)F)} 
4 
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aiqecs 1 | | 

te SB 6 4 
rE (2) 
Thus, min {Si ((9"),. (9"),)} = 0. 


Hence, we obtain 


Su (YU), (G"),) € [0.1]. 


ii) Let (9%), = (G"), . From (1), we obtain Sz ((Y"),,(G"),) = 1. We assume 
that 


Si ((9"),.(G"),) 


=1 
AN ae ge a ee al ge ell gH el ele gH Pg 
2 6 
_ (__s(4g,0Gy,)) S((4g,)r0(4g,)r) S((4g,)1NAg,)1) S(4y,)eNAy,)F) 
2 maks{1,5((4g,)U(Ag,))}  maks{1,5((4g,)rU(4g,)r)}  maks{1,5((Ag,)/U(Ag,)1)}  maks{1,5((Ag,)FUCAg,)F)} 
4 


=| 
Where, it must be 


3["2 SEGA E MN GE Ge GP Ge Gael Gl Ge Tel Eg, Pa 


a 6 
4_(— Gara) Sg rng yr) Sg ug,)s) ((4g,)eny,)r) 
rn maks{1,5((Ag,)U(Ag,))} maks{1,5((Ag,)rU(4g r)} maks{1,5((Ag,)rU(4g,)1)} maks{1,5((Ag,)rU(4g,)r)} 
4 
=0 
Thus, 
Pg, Tg Pg Hal FP Pa tg HT al gs 
HFG, SEG, |= 0 
and 
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-( S(4g)04g,)) 4, _S(4g rg ir), 8(4g, 14g) 
maks{1,5((Ag,)U(Ag,))} maks{1,S((4g,)rU(Ag,)r)} — maks{1,5((4g,)1U(4g,)1)} 
S((Ag, rng, )F) 

maks{1,S((4g,)FU(Ag,)F)} 


=0 (2) 


From (2), we obtain that 


IT"g, -—T*g,| =9 |I’g, —I'g,| = 0 |F’g, - F’g,| = 0, 


77g, —T"g,| = 


1%, —1"g,| = 0, 


U_ U_ = 
Flg, — F¥q,| = 0 


1 


and 


S((4g,)9(4g,)) = S(CAg 9 Ag, r) 
maks{1,5((Ag,) U (Ag,))} maks{1,5((Ag,)r U (Ag,)r)} 
_ S(4g) 94g) Sgr Age) 
maks{1,5((Ag,): U (Ag,)1)}  maks{1,5((Ag,)e U (Ag,)r)} 
Thus, we have that 
Pg ST go lg, HE Gye PG, HF gy PB ge eT gyi Tg, Hg, FG, SP Ge 
(Ag,) = (Ag,), (Agr = (Ag,) 7 (Ag): = (Ag, (Agr = (Ag,)e- 
Therefore, from Definition 5; we obtain 


= 


Si ((9"),-(G"),) 


=1 
_Aflt*g, — Tg. | + Vg, — a. | + lFo, — Fa | + IP' a, — 72a | + Ul, — | + [Pg — FY | 
2 6 
es ( ((4g,)9g,)) S((4g,)r04y,)r) (4g, )194y,)1) S((4g,)rOAg,)F) 
rf maks{1,S((4g,)U(Ag,))}  maks{1,5((4g,)rU(4g,)r)}  maks{1,5((Ag,)/U(Ag,)1)} — maks{1,5((Ay,)FU(Ay,)F)t 
4 
=1 
-3|Fa ag | ge = Tig | lg, Fg ge Pg eg lg, | IE ge Fg, 
2 6 
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—( 5((4a,)>(4a,)) s((4g,),9(4a,),) s((4g,),0(4a,),) s((49,),0(40,),) 
: ee, s((4g,)u(49,))) maxs(s.s((4g,),U(4g,),)}  maks{s((ag,),u(4g,),)}  maxs{as((4g,),u(4g,),)) 


4 


RR 


= Si ((9"),,(9"),) 
. 7N ii N 7N . eae . 
iv) Let (Y ). c(¥ ye eg je . From Definition 5, we obtain that 
(Ag,) © (Ag,) © (Ag,) + Agr © g,)r © (Agr, (Ag)1 © Ag) © Agr, 
(Agr © (Ag,)r © (Ag,) F: 
: i U_ iy ies qh fh FU, qs SPs 3 
ee — oa Tg, ST%q, ST" gi Pg, SUG, SP gy MG, SG, SG 
5 Bs ie U_ 
@) 
From (3), we have that 


s((Ag,)04g,)) : S((4g,)r(4g,)r) it S((Ag,)1M(4g,)1) 
aE RTP ))} maks{1,S( (4g, )rU(4g,)r)} maks{1,S((4g,)1U(4g,)1)} 
S((Ag,)FN(4g,)F) 
maks{1,5((4g,)FU(Ag,)F)} 


S((Ag,)g,)) S((Ag,)r4y,)r) S((Ag,)19(4g,)1) 
maks{1, s((Ay, Ju(ag »)} maks{1,S( (Ag, )rU(Ag r)} maks{1,5((Ag,) 1U(Ag,) i} 
S((Ag,)rN(4g,)F) 


(4) 


maks{1,5((Ag,)FU(Ag,)F)} 

Also, From (4), we have that 

[PggaT gla lee Pg |g gl el aa ele aes 
+|Flg, — F"g,| < 

Pg, = Tg, | 4 lg, =1',| + Feo, = Fa, | + |P" 9, =" a, + ag = at 

|F’g, —F"g,| (5) 

Thus, from (4) and (5), we obtain that 


1 [Peg Tata! ool + Peg Fg tre Tg Hg galt gs Fg 
2 6 
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S((4g,)9g,)) S((Ag,)r4y,)r) S((Ag,)14y, 1) S((Ag, ry, )) 
Se SS ee ee 
maks{1,S((Ag, )U(Ag,))} maks{1,S((4g, )rU(4g,)r)} maks{1,S((4g,)iU(4g,)1)} maks{1,S((4g, )rU(Ag,)F)} 
4 


< 
Pega tg lg | tPF te a Ho a Ht Po P| 
6 


1 
2 


s((4g,)94g,)) s((4g,)79(4g,)7) s(c4g,)194g,)1) S((4ag,)eo(4g,)) 
4- + + + 
maks{1,S((Ag,u(4g,))} maks{1S((Ag, )rU(ag,)r)} maks{15((Ag, )U(Ag,)1)} maks{15((Ag, )rU(Ag,)F)} 
4 
(6) 


Hence, from (6), we have that 


2 6 


( S((Ag,)y,)) S((Ag,)r9Ag,)r) S((Ag,)9(Ag,)1) S((Ag,)FNAg,)F) 

Bh ee 

maks{1,5((Ag,)U(Ag »)} maks{1,5((Ag, )rU(Ag ar) maks{1,5( (Ag, )1U(Ag 2} maks{1,5((Ag,)rU(4g,)F)} 
4 


2 6 


4—(—Si4adr@e)) (Ag rrgrr) S(Ag gd), S( Ag dey, de) 
maks{1,S((Ag,)U(Ag,))}  maks{1,S((4g,)rU(4g,)r)}  maks{1,5((Ag,)/U(4g,)1)} — maks{1,5((Ay,)FUCAy,)F)} 
4 
Therefore, we obtain Sy (aR (9"),) < Sy (GF ig"): 
Also, Sq (OG); (9"),) < Sy ((9"),. (9"),) can be proved similar to 
Su ((9"),. (9"),) - Su ((9"),. (9"),). 
4.Application 


In this section, we aim to identify the optimal university by considering 
various factors affecting university selection. For this purpose, the Hamming 
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similarity measure defined for IGSVNQNs in Definition 9 is used. In this 
application, fictitious data is used to demonstrate the usability of the Hamming 
similarity measure. Researchers can use this application to obtain solutions to their 
own problems with real data. The factors used in the application were taken from 
Odabas, Yakar and Giindeger's study titled “Scaling the reasons of university 
students for choosing university by pairwise comparison method” [28]. 


Example 2: Using the Hamming similarity measure defined for interval generalized 
set-valued neutrosophic quadruple numbers, the factors affecting university 
selection and the most ideal university will be determined. 


Step 1: The set of factors influencing university choice is defined as 
0 = {0,, 02,03, 04, Os, 06, 07}. 

Here, 

0, = Quality of education at the university 

02 = Social and physical facilities of the university 

03 = Social and physical facilities of the city where the university is located 
0, = Place in the standings 

0d; = Location in the same/close province with family or friends 

06 = Family request 

07, = Guidance from the guidance specialist 

7 factors were identified. 

Step 2: The set of universities is defined as 

C = (C1, C2, C3,C4, Cs, Ce, C7, Cg, Co, Cy9}. 


Step 3: Using the factors influencing university choice, each university is 
determined as an IGSVNONs. 

C, = {< {0,, 05,04, 95,07}, {0,, 04, 05}[0.54, 0.6], {0,, 0,}[0.2, 0.7], (05, 07}[0.45, 0.65] >} 

Cy = {< {01,03, 04, 06, O7}, {03, A¢, 07}[0.7, 0.85], {0,, 04, A¢}[0.32, 0.5], {4,}[0.2, 0.45] >} 

C3 = {< {05, 03, Os, O¢, 07},{0295}[0.9, 1], {03, A7}[0.6, 0.7], {83, 05, A¢}[0.15, 0.3] >} 

Cy = {< {01, Oo, 03, 04, Os, Oe},{01, 03, A4, 06}[0.75, 0.9],{8}[0.2, 0.3],{0>, 04, 0s}[0.5, 0.65] >} 

Cz = {< {01, 05,05, O¢,07},{0,}[0.6, 0.85], {03, 0¢}[0.4, 0.52], {,, 03, 07}[0.1, 0.3] >} 


Ce = {< {0,03, 04, s},{04, As}[0.5, 0.6], {03}[0.2, 0.35], {8>, Ag}[0, 0.2] >} 
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C, = {< {01, 05,05, O4, Os},{03, 04, Os}[0.2, 0.65], {0,,0>,05}[0.55, 0.7], {A3, 0,}[0.3, 0.5] >} 

Ca = {< {0, 03, 04, Os, Og, O7},{0>, Oa, 04, As }[0.8, 0.95], {A5, A¢, 07}[0.5, 0.6], {A4, 05}[0.4, 0.7] >} 

Co = {< {01,04, Os, 06, 97},{04, As, A¢}[0.35, 0.4], {0,, A7}[0.8, 0.85], {As, A¢, 07}[0.5, 0.7] >} 

Cio = {< {01,y, 03, O4, 5, 6, 07},{03, 4, 95}[0.65, 0.8], {0;, 95, A, 07}[0.4, 0.6], {8,,45}[0.1, 0.3] >} 
Step 4: To compare universities, the ideal university is determined as an IGSVNON 
Ci = {< {01, 02, 03, 04, 05, 06,07}, {01, 02,03, 04, O5, O¢,07}[1, 1], B[0, 0], O[0, 0] >}. 


Step 5: The similarity of the universities with the ideal university is calculated using 


the Hamming similarity measure in Definition 3.1, which is defined for IGSVNOQNSs. 


5 3 ie} 0 
ec -_ 1 [|1-0.54|+|0—0.2|+|0—0.45|+|1—0.6|+|0—0.7|+|0—0.65] 4—(4— aes tmakstay makstisamaksiiay) a 
5,(€,¢,) =1-; rr rEO——rrr——— es) ba eT] 


6 4 
0.2973. 
o 1 [|1-0.7|+|0-0.32|+|0—-0.2|+|1—0.85|+|0—0.5|+|0—0.45| 4- (Sati at maRst at mane Tae 7) 
5i(Ci,€2) = 1-+[ rn = Av) — 0.3757, 
= 1 [[1-0.9|+10-0.6]-+|0-0.15|+|1-1)+10-0.71+10-0.3| , 4-(aaxsaaytmaxaary manstaay mansti)) 
54(CpC3) =1— E———E=ETE ETH 4, LTT TTT TAT MOTTA] = 0.3994. 


6 4 0 i) 
— 1 [[1-0.75|+|0—0.2|+|0—0.5|+|1—0.9|+|0—0.3|+|0-0.65| | 47 7 + + 
5i(C,C,) =1- 2 eatecsatecasiekcaetencaaicees | Gane eae eae a = 0.3690. 


6 4 
ee 1 [|1-0.6+/0-0.4|+/0-0.1|+|1-0.85|+|0-0.52|+10-0.3| , 4~-(aagstuztmaksti7] makstia] makes) 
55(€,C;) =1— ——I—=—E—~SX—ES—J——evrvrrvrv NL 4. TTT eae eae) rea = 0.4155. 
es 1 [|1-0.5+|0—0.2)+/0—0]+|1-0.6|+|0-0.35|+10-0.2| , 4~(manstu7]tmakstazy make make) 
55(€,C.) =1— ——E—~E Err vers 4, STL reas] Pea res) = 0.3982. 
os 1 [|1-0.2+/0-0.551+|0-0.3]+|1-0.65|+|0-0.71+10-0.5| , 4~(aagstuztmaks(u7] makes] maksaa) 
55(€,C,) =1— —ESE—EEE—ETA rr 4. LTT TT] TA] HOTA! = 0.2960. 


6 4 0 0 
— 1 [|[1-0.8]+|0—0.5]+|0—0.4|+|1—0.95|+|0—0.6|+|0-0.7| | 47 + + + 
5 (Cye.yaa = jf = 0.3315. 


5 3 0 0 
— 1 [[1-0.35|+|0-0.8|+|0—0.5|+|1—0.4|+|0—0.85|+|0-0.7| | 47 + + tf 
Su (Ci, Cy) ay 1 _ | [+l |+] _ |+] |+] | + (mae mans maks{1,2} oat = 0.1940. 


7 3 0 0 
= 1 [|1—-0.65|+|0—0.4|+|0—0.1|+/1—0.8|+|0—0.6|+|0-0.3| 47 as as + 
Su (Ci, C1) = 1 te 5 [ [+l [+] |+| [+] [+l | +4 (mae maks{1,7} maks{1,4} et — 0.4089. 


6 4 


Step 6: The similarities obtained are given in Table 1. 


Table 1: Similarities of universities 


Universities | Similarity 
Cy 0.2973 
Cy 0.3757 
C3 0.3994 
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ie 0.3690 
Ge 0.4155 
Gi 0.3982 
G 0.2960 
Ge 0.3315 
c 0.1940 
Gi 0.4089 

5.Comparison 


In this section, we compare the methods in Step 3 of Example 2, in which different 
numbers of IGSVNQNSs are obtained and their similarities are calculated using the 
Hamming similarity measures defined for the obtained numbers. 


i. method: Calculated in Step 5 of Example 2 and given in Table 2. The ranking of 
the similarities obtained is given in Table 3. 


ii. method: One IVNNs was obtained by subtracting the sets from the IGSVNONs 
in Step 3 of Example 2. Using these IVNNs and the Hamming similarity measure in 
Definition 6, similarities are calculated and given in Table 2. The ranking of the 
similarities obtained is given in Table 3. 


iii. method: One GSVNQNs was obtained by taking the upper bounds of the 
intervals of the IGSVNQNs in Step 3 of Example 2. Using these numbers and the 
Hamming similarity measure in Definition 7, similarities are calculated and given 


in Table 2. The ranking of the similarities obtained is given in Table 3. 


iv. method: One GSVNQNs was obtained by taking the lower bounds of the 
intervals of the IGSVNQNs in Step 3 of Example 2. Using these numbers and the 
Hamming similarity measure in Definition 7, similarities are calculated and given 


in Table 2. The ranking of the similarities obtained is given in Table 3. 


v. method: One GSVNOQNs was obtained by averaging the lower and upper bounds 
of the intervals of the IGSVNQNs in Step 3 of Example 2. Using these numbers and 
the Hamming similarity measure in Definition 7, similarities are calculated and 
given in Table 2. The ranking of the similarities obtained is given in Table 3. 


Table 2: Comparison of similarities of universities 


i.method | ii. method | iii. method | iv. method | v. method 
G 0.2973 0.476 0.3507 0.2440 0.2973 
G 0.3757 0.320 0.3990 0.3523 0.3757 
Ci 0.3994 0.4583 0.4119 0.3869 0.3994 
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Cy 0.3690 0.333 0.3773 0.3607 0.3648 
Ce 0.4155 0.3116 0.4214 0.4097 0.4155 
Ce 0.3982 0.275 0.4190 0.3773 0.3982 
C, 0.2960 0.533 0.2607 0.2773 0.2690 
Ce 0.3315 0.4083 0.3523 0.3107 0.3357 
Co 0.1940 0.683 0.2107 0.1773 0.174 
[Cig «| «S089 082504297 «| 0.3880 ~—* 0.4089 


When the data in Table 2 are analyzed, it is observed that the similarity of C; 
university to the structure defined as “ideal university” varies according to the 
methods used. Accordingly, the similarity is calculated as 0.2973 according to i. 
method, 0.467 according to method ii, 0.3507 according to method iii, 0.2440 
according to iv. method and 0.2973 according to v. method. These values reveal that 
the method with the highest fit of C,; university to the ideal structure is ii. method 
and the method with the lowest fit is method iv. It is also seen that the results 
obtained from i. and iv. methods are equal. In this context, the selection of the 
method used in similarity analysis in accordance with the structure of the problem 
is of great importance in terms of the accuracy and reliability of the results to be 
obtained. The fact that each method offers a different perspective enables a more 
comprehensive analysis by considering various dimensions in the evaluation of the 
results. 


Table 3: Similarity rankings 


Method | Similarity Rankings of Universities 

j, CEC 6 OS, ee eG 
Th Cin Stas GS OSG SO SG OSG 
ae CS Cys See Cre Sl CG 
or: See Cle SCS eles le 


As can be seen in Table 3, while the same rankings were obtained in methods i and 
v, different results were obtained in other methods. Cy university, which was 
determined as the least similar university according to i, iii, iv. and v. methods, was 
determined as the most similar university according to ii. method. Similarly, C; 
university, which was one of the first two most similar universities according to i., 
iii., iv. and v. methods, was determined as the second least similar university in ii. 
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method. This shows that the methods used can lead to quite different results in the 


similarity assessment between universities. 
6.Conclusions 


In this paper, we define a Hamming similarity measure for IGSVNOQNSs. It is proved 
mathematically that this similarity measure satisfies the similarity measure criteria. 
Furthermore, an example application is realized using this Hamming similarity 
measure. In this application, the similarity of 10 fictitious universities to an ideal 
university is analyzed by considering the factors that affect university choice. 
Moreover, similarity calculations were computed using Hamming. similarity 
measures defined for both IVNNs and GSVNQNs and the results were compared. 
It is concretely demonstrated that similar or different results can be obtained in 
decision-making processes when different numbers are used. Therefore, the 
numbers to be used in decision-making applications should be selected by 
considering the characteristics and objectives of the problem domain. 

7.Future Research Directions 
Researchers can use the similarity measure in this study with real data in different 
applications. They can also define Euclidean and Hausorff similarity measures for 
IGSVNONS. 
Abbreviations 


SVNN: Single valued neutrosophic number 

SVNS: Single valued neutrosophic set 

IVNN: Interval valued neutrosophic number 

IVNS: Interval valued neutrosophic set 

GSVNON: Generalized set valued neutrosophic quadruple number 
GSVNOS: Generalized set valued neutrosophic quadruple set 

IGSVNOQN: Interval Generalized set valued neutrosophic quadruple number 
IGSVNQS: Interval Generalized set valued neutrosophic quadruple set 
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ABSTRACT 


Symbolic n-plithogenic algebraic structures are considered as symmetric 
generalizations of classical algebraic structures by using n+1 symmetric 
components. This paper is dedicated to generalize symbolic 3-plithogenic Vector 
Spaces by defining symbolic 4-plithogenic Vector Spaces and 5-plithogenic Vector 
Spaces, where these new classes of n-symbolic plithogenic algebraic structures will 
be defined for the first time, and it will be studied through its algebraic 


substructures. 


Keywords: Neutrosophic sets, Symbolic 4-plithogenic Vector Spaces, , Symbolic 4- 
plithogenic Vector Spaces homomorphism, Symbolic 5-plithogenic Vector Spaces, 


5-plithogenic Vector Spaces homomorphism. 
1.INTRODUCTION 


The vagueness or uncertainty representation of imperfect knowledge 
becomes a crucial issue in the areas of computer science and artificial intelligence. 
To deal with the uncertainty, the fuzzy set proposed by Zadeh [29] allows the 
uncertainty of a set with a membership degree between 0 and 1. Then, Atanassov 


[30] introduced an intuitionistic Fuzzy set (IFS) as a generalization of the Fuzzy set. 
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The IFS represents the uncertainty with respect to both membership and non- 
membership. However, it can only handle incomplete information but not the 
indeterminate and inconsistent information which exists commonly in real 
situations. Therefore, Smarandache [31] proposed a neutrosophic set. It can 
independently express truth-membership degree, indeterminacy-membership 
degree, and false membership degree and deal with incomplete, indeterminate, and 


inconsistent information. 


During the last two years, the research steps interested in studying symbolic 
n-plithogenic algebraic structures. These structures were supposed by 
Smarandache in [4]. For n=2, we get the symbolic 2-plithogenic algebraic 
structures such as symbolic 2-plithogenic spaces/rings/modules, and integers [1-3,5- 
8]. For n =3, we get the symbolic 3- plithogenic algebraic structures such as 


symbolic 3-plithogenic spaces/rings/modules, and integers [20-23]. 


All of the mentioned algebraic structures are characterized by having very 
similar algebraic properties to the refined neutrosophic structures [9-18, 24-30,33- 
45]. Baser and Ulugay [39] defined effective q- fuzzy soft expert sets. Then, Baser 
and Ulucay [68] defined energy of a neutrosophic soft set. Recently, studies on 
extensions of fuzzy sets have been continuing very rapidly on applications and 
algebraic structures [46-89] 


This is what prompted us to follow up the previous scientific efforts and to 
study 4-plithogenic Vector Spaces for the first time, by providing basic definitions 
and proofs that describe the algebraic behavior of the elements of these Vector 
Spaces. It is noteworthy that these new rings will be very useful in more extensive 


classes of algebraic modules, and cryptographic algorithms. 


2.BACKGROUND 


Definition 1. [31]Let U be a universe. A neutrosophic sets A over U is defined by 


A= {< U, (Ug (u), v.q(u), w.(u)) >:u € U} 


where, Uy(u) , vag(u) and wy(u) are called truth-membership function, 
indeterminacy-membership function and _ falsity- membership function, 


respectively. They are respectively defined by 
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Ug:l >]~0,17[, vg:U >]-0,1*[, wy:U>)]70,17[ 
such that 07 < wy(u)t+vy(u)t+wy(u) < 3t. 


Definition 2 [32] Let U be a universe. An single valued neutrosophic set (SVN-set) 
over U is a neutrosophic set over U, but the truth-membership function, 
indeterminacy-membership function and falsity- membership function are 


respectively defined by 
La: U > [0,1], vy:U > [0,1], wy:U - [0,1] 
Such that 0 < wy(u)t+v,(u)+wy(u) < 3. 


In the next section, we will define anew Hybrid Distance-Based Similarity Measures 
for Refined Neutrosophic Sets (RNSs). 


Definition 3. [3] Let’s consider two plithogenic numbers: 
PN, = Ap + A, Py + agP2 +++: + ayP, 
PN> = bo + D,Py + bo Pp ++ + DyPh 

1. Addition of Plithogenic Numbers: PN, + PN2 = (ag + bo) + Nix (a; + b;)P; 


2. Subtraction of Plithogenic Numbers: PN, — PN2 = (dg — bo) + Xix1(a; — 
bj) Pi 


3. Scalar Multiplication of Plithogenic Numbers: rPN, = rdg + ra,P, + 
TAP, +++ + TayP, 


4. Multiplication of Plithogenic Numbers 
PN, + PN, = (dp + a, P, + AP, +-»+a,P,) + (bo + bP, + boP2 +--++D,P,) 


And then one multiplies them, term by term a;P; + ajP; = a; * d;Pmax (i,j) Where * is 
the classical multiplication as in classical algebra, using the above multiplication of 


symbolic plithogenic components. 
As particular case: 


9. T= 14 OP; 4 02R, +0: B, 
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3.Symbolic 4-plithogenic Vector Spaces 
Definition 4. Let V be a Vector Spaces, the symbolic 4-plithogenic Vector Spaces is: 
4 — SPp = {dg + A,P, + a2P, + A3P3 + A4Py; a; © RP)? = Pi, P; X Pi = Pmaxci)}- 
Operations on 4 — SPp: 
Addition: 
[ap + a, Py + a2P2 + a3P3 + a,P,| + [bo + bP, + b2P2 + b3P3 + byP,] = 
(ao + bo) + (ay + by) Py + (Gz + bz)P2 + (a3 + b3)P3 + (aq + by) Py. 
Multiplication: 
[ap + a,P, + A2P, + A3P3 + agP,]. [bo + bP, + b2P2 + b3P3 + by P,] = 
Apbo + (Agby + aybo + a,b,) Py + (Apbz + aybz + Apdo + Agb, + azbz)P2 + 
(apb3 + a,b3 + azb3 + azb3 + azby + a3b, + azbz)P3 + 

(Agb4 + ayby + Azb4 + Azgby + Agbo + Ayby + aybz + ayb3 + agb,)Py. 
Scalar Multiplication: 

r(dy + a,P, + a2P, + A3P3 + a4P,) = rdy + ra,P, + razP2+ra3zP3 + ra,P, 
As particular case: 

3. 0.P; =0 


4. 1=1+0.P, +0.P, +0.P3; +0.P, 


It is clear that (4 — SPg) is a Vector Spaces. 


Example 5. Consider the Vector Spaces R = Z3 = {0,1,2}, the corresponding 4 — 
SPp is: 


4—SPp = {a+ bP, + cP, + dP3 + eP,;a,b,c,d,e € Z3}. 
If X =2+2P,+1P,+P; + P,,Y = P> + 2P3, then: 
X+Y¥=24+2P,+2P,+ P,, 


X-Y=2+4+2P,—P,;+ Fi, 
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X.Y = 2P, + 4P3 + 2P, + 4P3 + Po + 2P3 + P3 + 2P3 + Py + 2P, = SP, + 13P3 + 3P,. 


Theorem 6. Let 4 — SPp be a 4-plithogenic symbolic Vector Spaces, Let X = ey + 


€,P, + €2P2 + €3P3 + e4P, be an arbitrary element, then: 


1. X is invertible if and only if eg, €9 + €1, 9 + €1 + €2, Cg + Cy + C2 + €3, Cg + 
€, + e€p + e3 + ey are invertible. 


2. X= = Ca0° + [(€ + e,)1 fa €y + |P, + [(e + ey + e,) 1 — (€9 + 
€1)7*]Pot[ (eo + ey + ez + €3) + oF (€9 + ey + €>) + ]P3 + [(€5 + ey + ez + e3 + 
é,)* =a (€9 + ey + ez + e3) 1]Py. 


Proof. 


1. Assume that X is invertible, than there exists Y = np +n, P,; +n2P2 + n3P3 + 
n,P, such that X.Y = 1, hence: 


CpNz + €1N3z + €2N3z + €3N3z + €3N, + C3Nz2 + C3Ny = 0 (1) 
CoNy = 1... (2) 
Con, + €yNy + eyn, = 0... (3) 
CoNz + €2Ng + CgNz + eyNz + e2n, = 0... (4), 
CoNyg + €1Ng + C2Ng + €3Ng + C4NgQ + C4N, + E4N3z + €4N4(5) 
From (2), €o is invertible. 


By adding (3) to (2), we get (eg + e,)(mp + 11) = 1, thus ey + e; is invertible. 


By adding (4) to (3)to (2), (€p9 + e, + €2)(Mp + Ny + Nz) = 1, hence ey + e; + e2 is 


invertible. 

By adding (1) to (2) to (3) to( 4), 

(€p9 te, + ez +e3)(NMp +n, +N, +n3) = 1, hence eg + e; + e2 + e3 is invertible. 
Adding all equations gives: 


(€9 +e; + ez +e3 +4) (Mp +1y +N +n3 + N4) = 1, hence eg + e; + €2 + €3 + ey is 
invertible. 
2. From the first part. We have: 


Ne = ey {Ng ty = (694 e))° Ne Frat te = (eg He; +02). (Cp Pei Feo + 
€3) (=n tny + Ny + Nz, (Cp + ey tep + e3 +e,) 1 = NV tN, +N +N +N4, 
then: 
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Y =e) * + [(€p + €1)7* — eg *)Py + [ep + €1 + €2)7* — (9 +1) *) Pa + 
[(€p9 + ey +2 + €3) + —(e9+e,+ 2) *|P3 ae 
[(€ + ey + ez + €3 + e,) + = (€9 + ey + ez + e3) 1|P, = KS. 


Example 7. Take R = Z; = {0,1,2}, 4 — SPz, is the corresponding symbolic 4- 
plithogenic Vector Spaces, consider X = 2 + 2P, + Py, € 4 — SPz,, then: 


€y = 2 is invertible with e)~* = 2, e9 + e, = 2 is invertible with (ey + e,)7+ = 2, 
€y + e; + ep = 1is invertible with (e) +e, +e,)71 = 1, 

Co $e, +ep +e3 =1, (Cp $e, ep +e3) 1 =1, 
Cg $e, +ep +e3 +e, =2, (Cy +e, +2 +3 +€4) 1 = 2 hence: 
X1=24+(2-2)P,+(1-2)P,+(1-1)P34+(2-1)P, =24+2P, 4+ Py. 


Theorem 8. Let 4 — SPp be a symbolic 4-plithogenic Vector Spaces, hence if X = 
m+nP, + cP, + qP3 + 1P,, then: 


X"™ =m" +([(n+n)" —m™"]P,+[((m+n4+c)" —(n+n)"]P.+[(ntn+ce+ 
q)" —(m+n+c)"|P3+[(n+n+c+q+l)"—(m+n+ct+q)"|P, foreveryn € 
ZB, 


Proof. 


For n = 1, it holds easily. Assume that it is true for n = k, we prove it forn = k + 
1. 


XRT = X,Xe = 


(m+ nP, + cP2 + qP3 + 1Py)(m* + [(m + n)* — m*]P, + [Om +n + c)* — 
(m+n)¥]P,+ [((m+n+c4+ q)*-(m+n+4+c)*]P; +[(mtntceo+q+)D* - 
(m+n+c+q)*]P,) = m**t + [Cm 4+ n)*tt — m**1]P, + [Cm + n4 c)ktt - 
(m + n)**1]P,+ 


[(m+n+c4+q)*tt-(m+n+c)*t1]P3 + 
[(mtn+c+qt)**1-(m+ntetqy** Py. 


Therefore, that proof is complete by induction. 
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Definition 9. Let R,T be two Vector Spaces, 4 — SPpr, 4 — SPr are the corresponding 
symbolic 4-plithogenic Vector Spaces, let fo, ft, fa, fz, fa: R > T be Vector Spaces 
homomorphisms, we define the symbolic 4-plithogenic Vector Spaces 


homomorphism: 
f:4—SPp ~ 4—SPr such that: 
f(m + nP, + cP2 + qP3 + 1P,) = fo(m) + fi(m)P, + fo(c)Potf3(q)P3 + fa) Py 


If fo = fa = fo = fa = fa, then f is called symbolic 4-plithogenic Vector Spaces 


homomorphism. 


Remark 10. If fo, f1, fo, fz, fy is isomorphisms, then f is called symbolic 4- 
plithogenic Vector Spaces isomorphism. 


Example 11. Take R = Z, T = Z4, fo, f,:R > T such that: 
fo(x) = x(mod 4), f,(2) = 2x(mod 4). It is clear that fo, f; are homomorphisms. 


We define f:4 —SPpr > 4 — SPr, where: 


f(m + nP, + cP, + qP3 + 1P,) = fom) + fi) Pi + fo(O)P2 + fi(q)P3 + ADP, = 
m(mod 4) + 2n(mod 4)P, + (c mod 4)P,+(2q mod 4)P3 + (21 mod 4)P, 


Which is a symbolic 4-plithogenic Vector Spaces homomorphism. 


Theorem 12. Let f = fo + f,P, + foP2 + f3Ps + f4.Py:4 — SPp > 4-—SP;bea 
mapping, then: 


1. If f is symbolic 4-plithogenic Vector Spaces homomorphism, then f is a 
Vector Spaces homomorphism. 


2. If f isan symbolic 4-plithogenic Vector Spaces homomorphism, then it is an 


isomorphism. 


Proof. 


1. Assume that f is an symbolic 4-plithogenic Vector Spaces homomorphism, 
then: 


fo = fi = fo = fz = fy are homomorphisms. 


Let X = dy + d,P, + dP, + d3P3 +d4P,,Y = co +c, Py + CoP. + €3P3 + 04P, € 4 —- 


SPp, we have: 
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f(X+¥) = 


foldo + Co) + fo(dy + ¢1)Py + fo(d2 + C2)P2 + fo(dg + €3)P3 + fo(ds + C4) Po 
= f(X) +f) 
f(X.Y) = foldoco) + fo(doci + dico + dyc1) Py 
+ fo(docz + dzCg + dzcz + dzc, + dyCz)Pp 
+ fo(docz + dyc3 + dzc3 + d3cz + d3c, + d3Cy + d3C2)P3 + 


(doc4 + dyc4 + docy + d3cq + d4Co + dgcy + dycy + dycz + dyc4)P, 
= fo(do) folco) + (fo(do) fo(cr) + fo(dy)fo(co) + fo(ds) fo(c1)) Pa 
a (fo (do) fo (ca) + fo(d2)folVo) + fo(d2)fo(c2) + fo(d2) folcr) 
a3 fo(d1) fo(c2))P2 
+ [(fo(do) fo (cs) + fo(di)folcs) + fo(d2)folcs) + folds) folcs) 
+ fo(ds)folcr) + folds) folc2) + fo(d3) fo(Co))|P3 
a [(fo(do) fo(ca) + fo(di) folca) + fo(d2)folca) + fo(ds) folca) 
+ fo(da) folcr) + folds) folc2) + fo(da)folCo) + folds) folca) 
a5 fo(d4) fo(cs))|Px = 


[fo(do) + folds )Pi + fo(d2) Po + fo(ds)Ps + fo(ds)Pallfolco) + folcr) Pi + folc2)P2 + 
fo(cs)P3 + fo(cs)Pa] = f(X). f (VY). 


This implies the proof. 


4. Symbolic 5-plithogenic Vector Spaces 


Definition 13. Let R be a Vector Spaces, the symbolic 5-plithogenic Vector Spaces 
is: 
5 — SPp = {ag + a,P, + a2P, + a3P3 + a4P, + asPs; aj E R,P;)” = P,P; x Pj = 
Prmax(i)} 
Operations on 5 — SPp: 
Addition: 

[dy + A,P, + a2P, + A3P3 + A,P, + as5Ps5] + [bo + byP, + bP, + b3P3 + byP, + bsPs] 


(Ap + bo) + (ay + b,) Py + (2 + bz) Po + (a3 + b3)P3 + (ag + bg) P, + (As + bs)Ps. 
Multiplication: 
[ap + a, P, + a,P, + a3P3 + a,P, + acPc]. [bo + by P, + bP. + b3P3 + b,P, + be P| = 
Agbo + (And, + ay bo + a, b,)P, + (agbz + a, bz + aybo + ab, + anbz)P, + 
(agb3 + a,b3 + azbz + a3b3 + azby + a3b, + azb2)P3 + 
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(Agb4 + ayby + Azb4 + azgb4 + Agbo + Agby + aybz + ayb3 + agby)Py +( Agbs + aybs + 
azbs + a3bs + a4bs + asby + asb, + asbz + asb3 + asb, + asbs)Ps. 
Scalar Multiplication: 
r(ap + a,P, + a2P, + a3P3 + a4,P, + asbs) 
=7Tdyg +ra,P, + ra,P,+razP3 + ra,P, + rasbs 
As particular case: 
2 1=1+0.P,+0.P, +0.P;+0.P, +0. bs; 
It is clear that (4 — SP) is a Vector Spaces. 


Example 14. Consider the Vector Spaces R = Z3 = {0,1,2}, the corresponding 5 — 
SPp is: 
4—SPp = {a+ bP, + cP, + dP3 + eP, +wP;;a,b,c,d,e,w € Z3}. 
If X =2+2P,+P,,Y = P, + 2Pz, then: 
X+Y =24+2P,+P,+P,+2P,, 
XV S24 oP; = P+ By— DP, 
X.Y =2P, +4P3 + 2P, +4P;, + P, + 2P; = 4P, + 4P, + P, + 2Ps. 
Theorem 15. Let 5 — SPp be a 5-plithogenic symbolic Vector Spaces, with unity (1). 
Let X = €y) + €,P, + €2P2 + €3P3 + e4P, + €sPs be an arbitrary element, then: 
3. X is invertible if and only if e€9,€9 + €1,€9 + €; + €2, Cg + €y + C2 + €3, Cg + 
€, +p + €3 + €4,€y + Cy + Cp + €3 + ey + es are invertible. 
4. X-1=e) 1+ [(e9 +e1)7' — ep 1IP, + [(ep +e, + 2) 1 — (Cg + 
€1) 1 ]Py +[ (€p + ey + 2 +€3)7 41 — (€p + Cy + C2) 1 ]P3 + [(CEp + Oy ten E34 
€4) 1 — (€9 + ey + ep + e3) 7), + [Ceo + ey +2 + €3 +e, + €5)71 — (Cg + 
€, +e, +e3 +4) 1) Py. 
Proof. 
3. Assume that X is invertible, than there exists Y = ng + ny P, + nzP, +n3P3 + 
n,P, +nsP; such that X.Y = 1, hence: 
Cong + €yN3z + €2N3z + €3N3 + €3N, + €3N2 + €3Nq = O (1) 
CoNy = 1... (2) 
Con, + €4Ny + eyny = O... (3) 
CoNz + €2Nq + €gNz + eyNz + enn, = 0... (4), 
Cong + €yNg + CyNq + €3Ng + C4Ng + C4N, + C4N3 + E4N4(5) 
Cons + €4Ns5 + €2Ns + e3Ns + e4Ns + C5NQ + C5N, + e5Nz + €5N3 + C5N4 + CsNs = 0 (6) 
From (2), €o is invertible. 
By adding (3) to (2), we get (€9 + e1)(Mp + 11) = 1, thus ey + e; is invertible. 
By adding (4) to (3)to (2), (€9 + e; + €2) (Mp +n, + n2) = 1, hence eg + e; + ep is 
invertible. 
By adding (1) to (2) to (3) to( 4), 
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(€9 + ey + 2 + e3)(Np +N, + Nz +3) = 1, hence eg + e; + ez + 3 is invertible. 
Adding all equations (1),(2),(3),(4),(5) gives: 
(€9 +e; +ez +e3 +4) (Mp +N, +N. +nz+N4) = 1, hence eg + e; + e2 + e3 + ey iS 
invertible. 
Adding all equations (1) to (6) gives: 
(€e9 te, teg tezt+e,tes\(ng +n +n2+nz3+n4+ns5) = 1, 
hence €9 + €; + €2 + e3 + e4 + es is invertible. 
4. From the first part. We have: 
Np = €p No + Ny = (Cp +.€1) 1, + Ny + Ny = (Cp HE, Hen) 1, (Cg HEY HEQ + 
e3) }=Ny +n, tNy + Nz, (Cp +e, + ep $e3 +04) 1 =N tN tN. +N3 t+ 
Ng (Cg HE, Hep $e3 +04 +es) 1 = Ny tNy +N, + Nz + ny, + Nz, then: 
Y = ey * + [(€p + €1)-* — eo “JP, + [Ceo + €1 + €2)7* — (Cp + €1) "Po + 
[(€p +e, + 2 + €3)7* — (€9 + €y + €2)*)P3 + 
[(€p +e, +2 + €3 +e4)71 — (C9 Oy + Op +e3) 11 + 
[(ep7 +e, Hep +e3 +e, + es) 1 — (C9 te, ten +e3 +4) *|P, =X. 
Example 16. Take R = Z; = {0,1,2}, 5—SPz, is the corresponding symbolic 5- 
plithogenic Vector Spaces, consider X = 2 + 2P, + Ps; € 5 — SPz,, then: 
€y = 2 is invertible with e)~* = 2, e9 + e, = 2 is invertible with (ey + e,)7+ = 2, 
€y + e, + e2 = 1is invertible with (e) +e, +e,)71 = 1, 
Co te, ten +e3 =1, (eg $e, +e, +e3) 1 = 1, 
Cy t ey ten +e3 $e, =1, (Cp tHE, Hep +e3 +e4) 1 = Leg te, ten +e3 +e,4+ 
e. = 2,(€9 te, ep + e3 +e, +e5) | = 2 hence: 
X71 S94 0-2), 40 DR +O DP. + 0H] De FO 1k SH 24 OP + 
Ps. 
Definition 17. Let R, T be two Vector Spaces, 5 — SPp, 5 — SPr are the corresponding 
symbolic 5-plithogenic Vector Spaces, let fo, fi, fo, fs, fa, fg: R > T be symbolic 5- 
plithogenic Vector Spaces homomorphisms /:5 — SPp > 5 — SPr such that: 
f(m + nP, + cP2 + qP3 + [Py + kPs) = fo(m) + film) Py + fo(c)P2 - f3(q)P3 + 
fa Ps + fs(k)Ps 
If fo =ft =fho = fa = fa = fe, then f is called symbolic 5-plithogenic Vector Spaces 
homomorphism. 
Remark 18. If fo, fi, fo, f3, fa, fs are isomorphisms, then f is called symbolic 5- 
plithogenic Vector Spaces isomorphism. 
Example 19. Take R = Z, T = Z4, fo, f4:R > T such that: 
fo(x) = x(mod 4), f,(2) = 2x(mod 4). It is clear that fo, f; are homomorphisms. 
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We define f:5—SPpR > 5—SPr , where: 
f(m + nP, + cP, + qP3 + lPy + kPs) = fo(m) + filn)Py + folc)Ps + fi(q)P3 + 
AiO, + fi(k)P; = m(mod 4) + 2n(mod 4)P, + (c mod 4)P, + (2q mod 4)P3 + 
(21 mod 4)P, + (2k mod 4)P; 
Which is an symbolic 5-plithogenic Vector Spaces homomorphism. 
Theorem 20. Let f = fo + fpP, + foPo + faP3 + faPs, + fePs:5 -—SPp ~5—SPr be a 
mapping, then: 
1. If f isan symbolic 5-plithogenic Vector Spaces homomorphism, then f is 
a Vector Spaces homomorphism. 
2. If f isan symbolic 5-plithogenic Vector Spaces homomorphism, then it is 
an isomorphism. 
Proof. 
1. Assume that f is an symbolic 5-plithogenic Vector Spaces homomorphism, 
then fo = fi = fo = fs = fa = fs are homomorphisms. 
Let 
X =d)+d,P, + dzP, + d3P3 + d4P, + ds5Ps5,Y = Co + CyPy + C2P2 + C3P3 + 04P, + 
csPs € 5 — SPp, we have: 
fX+Y)= 
fo(do + Co) + folds + C1) Py + fo(d2 + C2)P2 + fo(d3 + €3)P3 + fo(dg + C4) Pa + folds 
+ cs)Ps = f(X) + f(Y) 
f (XY) = fo(doco) + fo(docr + dyco + dyc1) Py 
+ fo(docz + dzCg + dzcz + dzc, + dyC2)P>p 
+ fo(docz + dyc3 + dzc3 + d3c3z + d3c, + d3Cy + d3C2)P3 + 
(doc4 + dyc4 + doc, + d3cq + d4cy + dgcy + dycz + dycz + dycy)P, 
+ (docs + dics + dzgcs + d3cs + dgcs + dsCg + dsc, + dscz + dscz3 
+ dsc, + dsCs)Ps 
= fo(do)folco) + (fo(do) fo(cr) + fo(d1)folco) + fo(d1)fo(c1)) Pa 
ot (fo (do) fo(c2) + fo(d2)fo(Vo) + fold2) fo(c2) + fo(d2)fo(cr) 
=f fo(ds) fo(c2)) Pa 
ar [(fo(do) fo (cs) + fo(d1)folcs) + fol(d2)fo(cs) + fo(ds)folcs) 
+ fo(d3)fo(c.) + folds) folc2) + fo(ds) fo(Co)) | Ps 
ae [(fo(do) fo (C4) + folds) folcs) + fold2)fo(cs) + fo(ds)folca) 
+ fo (da) folcr) + folds) fo(c2) + fo(da)folCo) + folds) folca) 
ae fo(d4) fo(c3)) | Pa + [fol(do) folcs) + folds) folcs) + fo(d2)folcs) 
+ fo(ds)folcs) + folds) foles) + folds) folco) + folds) folcr) 
+ fo(ds)fo(c2) + folds) folcs) + folds) folca) + folds) folcs)|Ps = 
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[fo(do) + folds) Pi + fo(d2) Po + fo(ds)P3 + fo(da)Pa + fo(ds)Ps|[folco) + foler)Pi + 
fo(C2)P2 + fol(c3)P3 + folc4)Ps + fo(cs)Ps] = f(X).fW). 
This implies the proof. 


5.Conclusions 


In this paper, we have defined the symbolic 4-plithogenic Vector Spaces and 5- 
plithogenic Vector Spaces, with many algebraic properties. Also, we have shown 
some related substructures such as symbolic 4-plithogenic Vector Spaces 
homomorphisms and symbolic 5-plithogenic Vector Spaces homomorphisms and 


many illustrative examples were presented. 
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Abstract 


In today's world, where almost all information is stored and processed in the cyber 
environment, devices are managed in the cyber environment, and the operational 
superiority of the armies is based on tactics such as electronic communication, 
image acquisition and remote sensing, attack and defense strategies and tactics are 
developed according to the fifth battlefield, the cyber environment. In international 
relations, a time has come when cyber armies and attacks are included to resolve 
conflicts between countries. Therefore, to facilitate the decision-making process in 
complex decision problems, many multi-criteria decision-making methods have 
been proposed and developed from past to present. These methods continue to 
develop by developing new approaches and methods and use in wide application 
areas. Therefore, a new mathematical tool has been proposed to achieve consensus 
among the countries here. Our aim of this study was to develop the VIKOR method 
on Q-fuzzy sets, which is anew method for multi-criteria decision-making methods. 
By applying this method to the real-life problem of cyber warfare, he demonstrated 
the flexibility, effectiveness, and feasibility of the proposed VIKOR method. 


Keywords: Cyber War, Cyber Law, fuzzy set, Q-fuzzy set, Decision-making. 
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1. Introduction 


With the revolutionary developments in the last quarter century in the field of 
technology, mankind has reached a standard of living and style that he could not 
even imagine. The enlargement of the possibilities in the information environment 
of the newly developing technology is the biggest problem for the lawyers in 
defining the terms. Computers have shrunk, mobile phones have become almost 
computers, and the living space where these two devices cannot be taken or used 
has almost disappeared. These developments have also caused some important 
problems in the field of law, new concepts have emerged, the definitions of these 
concepts have begun to be discussed and to have legal consequences. However, 
following the developments in this field and putting forth appropriate definitions, 
reconciliation in the international arena and regulation in the national field is the 
difficulties faced by the lawyers. So, solving fuzzy phenomena and uncertain events 
in real life is necessary as science and technology advance. Zadeh [1] first explicitly 
and systematically proposed fuzzy sets to solve these problems effectively. 


Decision making is the act of identifying and choosing alternatives to find 
out the best solution from a pool of options based on different factors and 
considering the decision maker’s expectations. Every decision is made within an 
environment, which is defined as the collection of information, alternatives, values 
and preferences available at the time when the decision must be made. Basger and 
Ulucay [35] defined energy of a neutrosophic soft set and its applications to multi- 
criteria decision-making problems. Till date, several MCDM methods [17-53] have 
been proposed and successfully deployed to solve complex decision-making 
problems arising from different corners of engineering and management. Amongst 
those techniques, VIKOR (the Serbian name is ‘Vlse Kriterijumska Optimizacija 
Kompromisno Resenje’ which means multi-criteria optimization and compromise 
solution) method has gained much popularity among the decision-making 
community due to its simple and easily comprehensible computational steps [2]. 
Opricovic used the VIKOR model to investigate some MCGDM problems with 
conflicting criteria [3,4]. Also, we solve an MCDM problem with cyber wars related 
example based on VIKOR strategy in Q- fuzzy sets. Multi Q -fuzzy soft expert set 
[9]. Effective Q- fuzzy soft expert sets [31], Q -fuzzy soft sets [10-12], and multi-Q 
fuzzy soft sets [13-15] were proposed by Adam and Hassan. 
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Recently, it has been used by other researchers [5-8, 54-75]. To fill up this 
research gap, we propose a new VIKOR method to deal with MCDM problems in 
Q- fuzzy set environment. Since Q-fuzzy sets are developing and novel sets, there 
is a scarcity in the number of studies in the literature, which is a contribution of this 


study. 
2. Preliminaries 


Definition 2.1[1] The fuzzy sets defined on a non-empty V as objects having the 
form A = {< v:yt4(v) >, € V} where the functions «: V— [0, 1] for v EV. 


Definition 2.2 [16] Let be unit interval and k be a positive integer. A multi Q - 


fuzzy set Ag in V and a non-empty set Q is a set of ordered sequences 


A, = {(v.q),u;(v, q): v € V,q € Q} where 
u:VxXQ7r*, i=1,2,...,k. 


The function (u,(», q),}t2(v, q), >t, (v,q)) is called the membership function of 
multi Q- fuzzy set Ag: and p,(v,q) + u2(v,q) + + u,(v,q) < 1,k is called the 
dimension of Ag. The set of all multi Q- fuzzy sets of dimension k in V and Q is 


denoted by M*QF(V). 
3. A New Method on Q-Fuzzy Sets 


To address the uncertainties and conflicts that arise in real-world decision-making, 
the VIKOR method is often employed. This method is particularly effective in 
solving MCDM problems by incorporating more practical and flexible preference 
information provided by decision-makers. In this context, the VIKOR method is 
adapted to operate within Q-fuzzy sets, enhancing its ability to manage uncertainty 
and imprecision. The method offers a structured, systematic approach to decision- 
making, enabling the identification of both the best and a compromise solution, 


particularly in settings involving fuzzy logic. 


Figure 1 shows the steps followed when the VIKOR method is applied to MCDM 
problems using fuzzy sets. It shows how this approach leads to systematic selection 
of the best solutions in situations involving uncertainty, using criteria characterized 


by the uncertainty. 
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= Step 7: PiSand NiSvaluesare calculated. a) 
Step 8: Benéfi and Cost (R) valuesare 
ie O ated | 


Figure 1: VIKOR Method 


According to Figure 1, VIKOR consists of 11 steps. There are two types of optimal 


criterion weights, which distinguish VIKOR from other methods, these are 


subjective and objective weights. 


Let D™ be a set of decision makers where k=1,2,...,p. Aj represents alternatives 


where i=1,2,....m and C; represent criteria j=1,2,....n. The criteria are classified as 


cost criteria and benefit criteria. 


Step 1: Criteria are defined and measurement scales are created. 


Step 2: A Direct Relationship Matrix is established with Q fuzzy sets. We will obtain 


the fuzzy Decision matrix [Rij|mxn, (i = 1,2, ...,k ve j = 1,2, ...,p) as follows: 


CG. Cy ie Gy 
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A, [ Rit Riz Rin 

_ Ay Rot Roo = Ron 
AmlRmi Ring Rinn 

where Rij = ((xij qi; ): (Hi) 

Step 3: The Direct Relationship Matrix is replaced with grammatical information. 


Step 4: The weights of the decision makers are determined. The weights of the 


decision makers can be obtained with the following formula: 


Hx 
= SP ) T20,) m%=1 
r=1 Uk 


pt:accuracy — represents the membership function 


Step 5: Consolidated Q fuzzy sets decision matrix is created VM = (Ni) nen k. Let 
the decision maker have a single value decision matrix Q fuzzy sets weight operator 


is used to sum all the individual decision matrices WV. 


NOO'S (NM intaa = Lee Pat S12, wg VEL Hes 
p 
diy = SNWA(ai?,d?, ... da?) = = | [(a-28?)) 
k=1 
The aggregate decision matrix D is defined as follows: 
Git. (dyguc Ay 


d doo... d 
a ees 2 | diy = (xia): (uy) 


Step 6: The optimal weights of the criterion are obtained. 


There are two types of weights in this section that are subjective and need to be 


considered. 


3.1. Subjective Weight 
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The rating of the alternatives according to each criterion is collected by the decision 


makers. The importance weights of the criteria corresponding to the alternatives are 


determined using the linguistic rating scale as follows. 


LANGUAGE TERMS IMPACT SCORE Fuzzy Value 
TOO LOW 1 (0) 

LOW 2 (0) 
MEDIUM LOW 3 (0.1) 
MEDIUM 4 (0.3) 
MEDIUM HIGH 5 (0.5) 

HIGH 6 (0.7) 

TOO HIGH 7 (0.9) 


Considering that the criterion weight is obtained using the equation: 


l 
= QFSWA(w}, w?,..., w) )=(1- [ 1 - p?) *) 


J = 1,2, wy ve Wj = (u;) 


The subjective weight of each criterion is obtained using the formula below. 


a at 
Sen 1 
Wp = UR + “Gr DH 
t= 


JSA2nanvre Liaw, =. 


3.2. Objective Weight 


The evaluation criteria are normalized using the following equation. 
DA R ij 


Pi = 


where P;; is the predicted result of criterion j. Next, the predicted results of the j 


criterion entropy set E; are calculated. 


1 m 
“Ga ys PijlnPij 
i=1 


where m is the number of criteria and 0 < E ae 
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After that, to obtain the objective weights of the criteria, the divergence div,, which 


is the degree of deviation of the information of the j criterion, must be defined. 


The greater the degree of deviation of this criterion, the more important the criterion 
is in the decision-making process. Finally, objective weights can be obtained using 


the following equation. 


P div; 
W: = 


j ean 
via div; 


Step 7: Fuzzy values of positive ideal solution (PIS) are calculated f;* 


((x;4;): (uj )) and fuzzy values of negative ideal solution (NIS) are calculated f- 
((99)): (uj ) ), <j = 1,2,...,n. 


min R;,; , benefit criterion 
fj, = . 
J max R ;; ,cost criterion 
+ ee Rij , benefit criterion 
J min R ;;, cost criterion 


j=1,2,...,n. 


Step 8: Calculate the utility measure (S;) and regret measure (R;) for the alternative 


as follows: 
i . fa _ . 
5. = ye | a1 2ingm 
LF 
. oF _ . 
R; = max (te il f= 12.4.37im 
IG =F || 


Here w,, represents the weight of the combination for each criterion. 


(R; — R*) 


Wj = EY) pe ey 


Where v, denotes the relative importance between subjective weights and objective 


weights. It can be any value from 0 to 1, but is usually set to 0.5. 


Step 9: The priority value Q;,i = 1,2,...,m is applied using the following formulas 
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(S$; —S*) (Re=R*) 


Gos ee 


Q=Vv 
S* = minS;,S~ = maxS; 


R* = minR; ,R™ = maxR; 


v, indicates the weight of the strategy of the constraints of the criteria and is usually 


assumed to be 0.5. 


Step 10: Sort S;,R; and Q; values by maximum criterion. Sort the sort results by 


descending alternatives. 
Step 11: List the alternatives and find the compromise solution. 


At the minimum value of Q, the best alternative A (top alternative) must satisfy 


the following 2 conditions. 


Condition 1: Acceptable benefits 


Q(A”) _ Q(A®) > 


17 eee | 
Here AY and A®), Q; is also the two best alternatives. 


Condition 2: Acceptable Status 


The best alternatives should be ranked best by S; and R;. If one of the above 


conditions is not met, a number of compromise solutions have been proposed: 


1. AY and A® alternatives are also acceptable if only stability requirement is 
not achieved; 

2. Alternatives AY, A®), ...,A™ are accepted if the advantage condition is not 
met. AM for max u Q(A™) — Q(A®) > — It is determined by the formula. 


(the positions of these alternatives are close to each other.) 
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4. Application of Cyber Wars of VIKOR Method for Decision- 
Making Problems 


The increase in cyber war threats in the world obliges states to take precautions in 
this regard. Although developed countries have come a long way in this regard, 
there are still many countries that do not take adequate steps in this regard. 
Especially underdeveloped and developing countries, as they are insufficient in 
cyber warfare, can be vulnerable and suffer victimization in case of any cyber- 
attack. To prevent this situation, a few developing countries that decided to act have 
taken the models of the countries that have achieved success in this subject to 
examination and have decided to take the model they found suitable for them as an 
example. As a result of the examination, the policies that developed countries have 
already implemented and are considering implementing soon have been taken into 
consideration. Especially developing countries wants to use proposed method 
when choosing a model. The models he can take to are Turkiye model (A1), England 
model (A2), USA model (A3) and Q={q1,q2,q3}. It considers four criteria for three 
alternatives: models’ price (C1), usability (C2), speed (C3) and security after buy. 
While making this choice, he consults 3 different cyber warfare experts (DM1, DM2, 
DM3). 


Then we can take a model based on their parameters using Q-fuzzy sets, by 


applying the following algorithm. 


Step 1: Criteria are defined, and measurement scales are created. Compiling the 
perspectives of 3 different decision makers (DM1, DM2, DM3), the student, who 
met with his family, carefully selected the decision makers by considering the cost 
and benefit. Tables 2 and 3 describe the decision makers' perspectives on the weight 


of the criteria and the evaluation of alternatives according to the criteria. 


Table 2 Impact score of the three decision makers on the importance of the criteria 


Cl C2 C3 C4 
DM1 5 6 5 4 
DM2 6 6 6 4 
DM3 6 5 6 4 
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Table 3 Rating of evaluation of alternatives according to criteria 


C1 C2 C3 C4 

A1(x1,q1) | DM1 6 6 1 3 
DM2 3 4 2 2 

DM3 5 6 1 3 
A2(x1,q2) |DM1 6 6 7 7 
DM2 6 6 5 7 

DM3 6 6 6 7 
A3(x1,q3) | DM1 3 4 5 4 
DM2 3 3 4 6 

DM3 3 5 4 4 


Step 2 and Step 3: A Direct Relationship Matrix is Constructed in the Q fuzzy set. 
The Language Expressions of Q fuzzy Sets are modified in table 3 to create the Q 
fuzzy set Direct Relationship Matrix (see Table 4). 


Table 4 Q-FS Direct Relationship Matrix 


C1 C2 C3 C4 

DM1 0.7 0.7 0 0.1 

A1(x1q,) | DM2 0.1 0.3 0 0 
DM3 0.5 0.7 0 0.1 

DM1 0.7 0.7 0.9 0.9 
A2(x1qQ2) | DM2 0.7 0.7 0.5 0.9 
DM3 0.7 0.7 0.7 0.9 

DM1 0.1 0.3 0.5 0.3 
A3(x1q3) | DM2 0.1 0.1 0.3 0.7 
DM3 0.1 0.5 0.3 0.3 


Step 4: Determine the weights of the decision makers. The weights of the decision 


makers are obtained by the following equation: 


DM1=0.5,DM2 = 0.2 ,DM3 = 0.3 
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Step 5: An aggregated OFS decision matrix is generated. The importance weights 


of the decision makers are shown in Table 5. 


Table 5 Importance weight of decision makers 


Linguistic Data Impact Score Weight 
DM1 Medium High (0.5) 0.5 
DM2 Medium High (0.2) 0.2 
DM3 Medium (0.3) 0.3 


To aggregate the weights of all decision makers, the QFSWA operator is applied. 
iy = 1—-((1 — 0.7)°5 x (1-0.1)9? x (1 — 0.5)°3) = 0.564 


The remaining calculations are calculated in a similar way. The detailed calculation 


of the aggregated QFS matrix is shown in Table 6. 


Table 6 Aggregate Q-FS matrix 


C1 C2 C3 C4 
Al (x1q1) 0.564 0.645 0 0.081 
A2(x1q2) 0.7 0.7 0.81 0.9 
A3(x1q3) 0.1 0.335 0.408 0.409 


Step 6: The optimal weight of the criterion is obtained. Linguistic variables are 
shown in Table 2. The overall subjective weight of the criterion is calculated as 


follows: 
wu, = 1—((1—0.5)°5 x (1-0.7)9? x (1 — 0.7)°3) = 0.613 
The result of the collective subjective weight calculation is shown in Table 7. 


Table 7 Total subjective weight 


Le 
C1 0.613 
C2 0.650 
C3 0.613 
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C4 0.3 
The subjective weight of the criterion is calculated and presented as follows: 
Hij 
s(xij) = 4 
0.613 


= —— = 0.153 
S(%11) 4 
The aggregated net matrix is given in Table 8. 


Table 8 Aggregate net matrix 


C1 C2 C3 c4 
A1(x1q1) 0.153 0.163 0.153 0.075 
A2(x1q2) 0.2666 0.2666 0.3178 0.3 
A3(x1q3) 0.4333 0.3983 0.3476 0.5147 


The criteria evaluation is then normalized as follows. 


Pigg cet ae ey 
0.3959 + 0.2666 + 0.4333 
By OOO. 9.0439 
0.3959 + 0.2666 + 0.4333 
P3, = sa eee = 0.3954 
0.3959 + 0.2666 + 0.4333 
P,> = 0.4528 
P= 2193 
Py = 0.3277 
P13 = 0.4803 
Py3 = 0.2481 
Pyq = 0.2714 
Pi, = 0.4034 
Py4 = 0.2196 
Py4 = 0.3768 


Next, entropy Ej is calculated. 
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InP; ;: 
InP,, =-1.01832 
InP2, = —1.4114 
InP3, = —0.9278 
InP,z = —0.7923 
InP2z = —1.5173 
InPz3 = —1.1156 
InP,3 = —0.7333 
InPz3 = —1.3939 
InP33 = —1.3041 
InP,, = —0.9078 
InPz4 = —1.5159 


InP34 = —0.9769 


m 
> Paani = (0.3612 x —1.01832) + (0.2432 x —1.4114) + (0.3954 x —0.9278) 


i=1 


= —1.07792 


1 
. E, = —|—](—1.07792) = 0.9811 
. (=) ( ) 


». Ey = 0.96218 
». Ez = 0.95753 
». E, = 0.97108 


After that, the distance value is calculated. 
div, = 1 — 0.9811 = 0.0189 
div, = 0.0378 


div, = 0.0424 
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div, = 0.0289 


n 
». div; = 0.0189 + 0.0378 + 0.0424 + 0.0289 = 0.128 
j=1 


Objective weights are calculated. 


, divl _ 0.0189 


“1 Sdiv, 0.128 — vayee 
w? = 0.2953 
w? = 0.3312 
w? = 0.2257 


The remaining objective weights are calculated similarly. The calculated objective 


weight and subjective weight results are shown in Table 9. 


Table 9 Objective weight and subjective weight of the criteria 


Subjective weight Objective weight 
Cl 0.2571 0.1476 
C2 0.3644 0.2953 
C3 0.3299 0.3312 
C4 0.0483 0.2257 


According to the result of the subjective weight for each criterion, it is seen that 
education (C3) is the most important criterion, and employment opportunity (C4) 
is the least important criterion according to the decision makers. According to the 
analysis of the objective weights of the criteria, we have seen that education (C3) is 
again the most important criterion and transportation (C1) is the least important 


criterion. 


Step 7: The Q fuzzy value of the Positive Ideal Solution (PIS) and the Negative Ideal 


Solution (NIS) is determined. Benefit and Cost criteria are determined. 


Benefit criteria: It is determined as Placement (C2), Education (C3) and Employment 
opportunity (C4), on the other hand Cost criteria; Available as Transport (C1). 


The PIS and NIS in Table 8 are obtained, respectively. PIS and NIS values of all 


criteria are given in Table 10. 
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Table 10 PIS and NIS of all criteria 


PIS NIS 
Cl 0.2666 0.4333 
C2 0.5504 0.2666 
C3 0.6152 0.3178 
C4 0.5510 0.3 
Step 8: The utility measure (S;) and regret measure (R;) are calculated for the 
alternative. 
v=0.5 
Wet = (0.5) X (0.2571) + (1 — 0.5) x 0.1476 = 0.2023 
Wer = 0.3298 
Weq = 0.3305 
Wea = 0.137 
Then, 
Ww = 0.2023(0.2666 — 0.3959 
s,, = Walllfit = full _ 110.2023 Ma caer 
lA — fr ll ||0.2666 — 04333]| 
So, = 0 
S31 = 0.2023 
S42 = 0 
S43 = 0 
Sig = 0 
Soo = 0.3298 
Sy S037 
So = 0.1767 
S34 = 0.0198 
S03 = 0.3305 
Sq = 0.2973 
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From here, 


Say = 0.1569 +0+0+4+0=0.1519 


S42 = 0.7973 
S43 = 0.6961 
And 
R= saa ja _ al 
lA -— fl 
Table 11 S; and R; values 
R; R; 
C1 0.1569 0.1569 
C2 0.7973 0.3305 
C3 0.6961 0.2973 
C4 


Step 9: Calculate the priority value. 
S*min = 0.1569 
Ri min = 0.1569 
S; max = 0.7973 


R; max = 0.3305 


Qai = 0 
Qa2 = 1 
Qa3 = 0.8253 


Step 10: S;, R; and Q; are sorted by maximum criteria. 


Table 12: Calculated of S;, R; and Q; 
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S Rank R Rank QO Rank 
A1(x1q1) | 0.1569 1 0.1569 1 0 1 
A2(x1q2) | 0.7973 3 0.3305 3 1 3 
A3(x1q3) | 0.6961 2 0.2973 2 0.8253 2 


Step 11: Sort alternatives by rank. 


A2(x.q1) > AB (142) > Alceias) 


5 Conclusions 
The primary focus of the paper is on selecting the optimal model for combating 
cyber warfare, demonstrating the effectiveness of our proposed method in this 
context. The unique advantage of these methods lies in their ability to handle three 
ageregated arguments, as opposed to the conventional two or one, making them 
more sensitive and adaptable to complex situations. This enhanced sensitivity is 
particularly valuable in the dynamic and unpredictable environment of cyber 
warfare, where multiple conflicting factors must be considered simultaneously. 
This approach offers a more scientific and robust framework for addressing 
conflicting attributes, providing a clearer and more reliable decision-making 


process. 
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Abstract 


It becomes even more complex with complex architectural problems, and decision- 
making methods are needed, and it is understood how important decision-making 
methods are. While the use of decision-making methods in the field of engineering 
is dominant, their use in the field of architecture is becoming more and more 
widespread. It can be listed as reaching an optimum solution with the targeted and 
designed alternatives with these methods, evolving the design process, allowing 
recycling, controlling these processes, and creating data for architecture in the 
future Clustering plays an important role in data mining, pattern recognition, and 
machine learning. In this section, a new algorithm is proposed based on Effective Q 
- Neutrosophic Soft Sets. Finally, we illustrate the feasibility of the new method by 
an example in architecture. 


Keywords: Neutrosophic sets; Effective Q - Neutrosophic Soft Sets, Architecture. 


1. Introduction 
Housing has always been more than just a shelter; it serves as a reflection of the 
lifestyle, culture, and preferences of the family, group, or community to which it 
belongs. Moreover, housing is a mirror of the user's personality and worldview, 
evident in its materials, shape, and design. The types of housing, construction 
methods, the number of rooms per person, and the functional spaces within a home 


all contribute to the complexity and uncertainties faced by its inhabitants. In this 
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context, decision-making in architecture becomes a critical process, influencing the 
design and usage of living spaces. To properly describe objects in an environment 
characterized by uncertainty and ambiguity, it is necessary to handle indeterminate 
and incomplete information effectively. In this regard, the concept of intuitionistic 
fuzzy sets, introduced by Atanassov [1], followed by Molodtsov’s work on soft sets 
[2], and neutrosophic logic [3], as well as neutrosophic sets [4,5] by Smarandache, 
has gained significant attention. The term "neutrosophy" refers to the study of 
neutral thought, which distinguishes neutrosophic logic from traditional fuzzy and 
intuitionistic fuzzy logic by introducing the notion of neutrality. Baser and Ulucay 
[56] defined concept of neutrosophic soft energy. Currently, research on soft set 
theory is progressing rapidly, with extensive literature on Q-fuzzy sets. For 
example, Q-fuzzy soft sets [6-8] and multi Q-fuzzy sets [9-11] have opened up 
many applications [12-17], including the development of multi Q-fuzzy soft expert 
sets [18]. Sahin et al. [19] introduced neutrosophic soft expert sets, and Hassan et al. 
[20] expanded this further with the Q-neutrosophic soft expert set. In 2022, 
Alkhazaleh [21] introduced the concept of the Effective Fuzzy Soft Set (EFSS), which 
was designed to extend the notion of external effectiveness within the framework 
of soft sets. Later, the concept of Effective Fuzzy Soft Expert Sets [22] was proposed, 
incorporating expert opinions into a unified model. Baser and Ulugay [23] further 
defined Effective Q-Fuzzy Soft Expert Sets. In 2023, the Effective Neutrosophic Soft 
Set [24] was introduced and later extended to the generalized Effective 
Neutrosophic Soft Set (ENSS) [25], incorporating the concept of effectiveness across 
three independent membership functions: truth (T), indeterminacy (I), and falsity 
(F). Furthermore, the concept of the Effective Neutrosophic Soft Expert Set [26] was 
introduced, along with associated operations and practical examples. Building on 
this, we develop a new mathematical tool by combining the concept of the Effective 
Neutrosophic Soft Set with the supply set Q—a mathematical framework designed 
to capture the nuances of uncertain information through three distinct membership 
functions representing degrees of truth (T), uncertainty (I), and falsity (F). We 
introduce the Effective Q-Neutrosophic Soft Set, a new concept that enhances the 
framework’s ability to model complex real-world scenarios. This innovative 
approach combines the strengths of both the Effective Neutrosophic Soft Set and the 
Effective Neutrosophic Soft Expert Set, offering a versatile and comprehensive 


representation of uncertainty. 
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These advanced set theories have been successfully applied to various decision- 
making problems across multiple domains [27-67]. The aim of this chapter, besides 
the objective evaluation, a decision-making model that can be effective in expressing 
the subjective evaluations within the structure of architecture (mass, spatial, 


semantic, form and experience) has been developed. 
2. Preliminaries 


Definition 1 [4] Let U be a universe of discourse, with a generic element in U 
denoted by u then a neutrosophic set (NS) W is an object having the form 

N = {< u: 6,(u),7Z,(u), ny(u),u € U} 
where the functions 8, €, 7 : U— J]0, I*[ define respectively the degree of 
membership (or Truth) , the degree of indeterminacy, and the degree of non- 


membership (or Falsehood) of the element u € U to the set N with the condition. 


“0 < 8,(a) + 7%, (a) + ya) < 3° 
Definition 2 [5] A neutrosophic set N is contained in another neutrosophic set N, 
ie.NCN,if WueU, 6y(u) < Gy (u), G(u) <Zy, (0), ny(u) = ny, (a). 
Definition 3 [14] Let UZ be an initial universe set and € be a set of parameters. 
Consider N Ce. Let P(U) denotes the set of all neutrosophic sets of U. The collection 


(F, N) is termed to be the neutrosophic soft set over U, where F is a mapping given 
by F:N > P(U). 


Proposition 1 [14] 
For two NSS over the universe U and € be a set of parameters. 
1. (We) CCUV,€) if and only if 
Gace) (U) 2 Oy, (2, () Gcey 5 Sy, ¢e,)()> Ape) () 2 ny, ce.) (M) 
Ve,e,€euewd. 


2. (N,e) = (N,,€) if and only if 
Oye) (a) = Gy, (0) (0), Ste) = Sy, ce)» Ney) = ty, ¢e,)() 
Ve,e,€e ucté 


3. (ce) = (u, 8xe(u) = Nu)? Sv (u) = Sw(uyr Mw*(u) = Png? VE EE UW EU }. 
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max{Oy¢2)(%), Ay, (2,) (W)} 
4. (W,e)U (Ne) = max{ Cte) 2), Sy, 6e,) (u)} 
min{ Nye) (u) » TN, (e,) (u)} 


min {Oy (a) (4), Oy, (e,) (u)} 
5. (We) A(N,e) =4 min{ Fy.) (wu), oie, ()} 
max{ Myc) ()s My, (e,) ()} 


Definition 4 [11] Let ! be unit interval and k be a positive integer. A multi Q -fuzzy 
set Ng in UW and a non-empty set Q is a set of ordered sequences 


Ng = {(u, q),9;(u, q):u = Ug E Q} where 
G:UxQor, i=1,2,..,k. 


The function (8,(u,q), 62(u,q), ....8,(u,g)) is called the membership function of 
multi Q- fuzzy set Ng and 6,(u,q) + 8,(u,q) +--+ 8,(u,q) < 1,k is called the 
dimension of No- The set of all multi Q- fuzzy sets of dimension k in U and Q is 


denoted by M*QF(U). 


Definition 5 [20] (Fy..N) is a QNSES over U, where Fy is the mapping Fy: N > 
QNSES such that QNSES is the set of all QNSES over WU. 


Definition 6 [24] A neutrosophic set A in a universe of discourse U,, where A : 
u, — [0,1] a function, is an effective set. U, is a set of effective parameters that 


can change membership and it’s written in the following way; 
A= {< a, (8, (@),%, (@),n,(@)) > :@ EU} 


Definition 7 [24] Let U be an initial universe, € be a set of all parameters, U, be a 
set of effective parameters, A be a effective set over U, and P(U) represent the 
power set of U. In this case (N, U,),, is called on effective neutrosophic soft set over 
U, where N is mapping represented by N : WU, + P(U) and it may be expressed as 


a collection of ordered pairs; 


(W, U,), _ {((u,.< Up Sx(2;) a Sa(e) Ma Mae) Ca >) tu; Ee, € ¢} 
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and Bn(e;) arSa(e;) a Mafe;) a membership values for Wa@€Uy is 


calculated as 


(a- On(e,)(u)) 20, y, (a) . 
Bae) a = Gan(e,) 4) v (ae : if One) A) = (0,1) 
Gy(e)(uj), O-W 
(2 7 ox (e;) (u;)) x ran U; (a) , . 
Sate, Ce da= 4 Dt Ta dF Ratan € OD 
Cafe) Gy), OW 
1 |. Ma(e;) H4ya2 Ma y, (2) . we (01 
ny («)@)a - ¢ a Nax(e;) Ja) Al , if NX(«;) (u;) (0,1) 


Nae )@%;), OW 
3. Effective Q- Neutrosophic Soft Sets 


We will now propose the definition of Effective Q-Neutrosophic Soft Sets (EQNSS) 
and some of their properties. Throughout this discussion, let WU be the initial 


universe, A © € be the set of parameters, Q be a set of supplies, and A be the set of 


effective parameters. LetS&e XQ X& A. 
Definition 8 (Ng,A) is a QNSS over U, where Ng is the mapping Ng:A = QNSS(U 


) such that QNSS(U) is the set of all QNSS over U. 


se (u;.k,.) 
N,. (S) =}—————- >409#————_: b Ek, € 
ea! : r Oa(e;)(u;-k,),» Gw(e;) (uj k,),» Na(e;)(u;-k,), = ” . 


For all s € § and for all a € A, we have: 


One; ) (u; vk aA 
8x(2,)(u K,) Lx &,,. (a,,) 
= J Age,)(t;.,) + (tale h) Patan teed if On(e,)(u;-Kp) € (0.1) 
Ox(2;) (u;.k,.) ‘ O.W 
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Ca(<; )(u;-k,), 

— ) Ge(x,) (4; -k,) — a if a(e;)(uj-k-) € (0.1) 
| Cn 

Nax(e;) (2; 

fag 4:8) ey aga he) €(08 


Nax(«;) (4; k,) ’ O.W 


Example 1 Suppose a customer who wants to build a new house wants to get 
feedback from several experts. Let U = {u,,u,} be the set of houses, @ = {k,,k,} be 


the set of construction companies, € = {e,,€} be the set of decision parameters and 


the set of effective parameters is represented by A={I,, l,}. Assume that; 


I L, I lL. 
q _ a r 2 _ i = 

AG, key) = OEE TOHOR TTT Ete Poe eal lososan (0.8.0.3,06) 
3 — = _ 4 i a 

AP (uz ey) = (oxora5; aansno A*(uz ke) = (oxo soa (0.2,0.3,0.7 


Let N be the Q - neutrosophic soft set (QNSS) defined as follows: 


- {( (u, ky) (uy.ky) =(uz.ky) = (uk) )t 


0.6,0.8,0.5’ 0.5,0.4,0.7’ 0.4,0.3,0.1’ 0.2,0.1,0.4 


N,(ez) = (ky) Gk) (@-k) (-k2) 
at" 0.6,0.4,0.5' 0.4,0.2,0.3' 0.7,0.5,0.4' 0.5,0.3,0.4 


Then by applying Definition 8 we get, 
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No(e1)a 
(u,.k,) 
<06+ fe = 06) 9° 5°) os [| ——— ,0.5— Sa > 
(u,.kz) 
<05+ fe = o5)°3s"5) ,0.4— [og22 503) ,0.7— eee > 
(u,.k 1) 
<04+ [a- 04) °t 704 a), 03— [os 97405), 0.1— | + 106) 5," > 
(u,, k3) 
<02+[(1- 0.2)" °), 0.1— [o.1 92593), 0.4— [o4 oe > 
(uw, Ky) (uy Kz) (uz ky) (uz kz) 


< 0.8,0.4,0.3 >'< 08,0.2,0.4 >'< 06,0.1,0.1 > '<03,0.1,0.2 > 


Similarly, when the calculations are continued, Ng(€2), effective Q-neutrosophic 


soft set is found as follows; 


Ng (er) 
(u,.k,) 
<06+ fe — 0.6) oot) ,0.4— los a ,05— [os a > 
(u,.k) 
<04+ [a- 0.4) a 02- [o2 e820) ,03— o3 wt ~ 
(uz.k,) 
<07+ [a- 07)°+9* = “i5S4). os — [os 97495) o4— [os24="*) ~~ 
(u,.k,) 
<05+ [a- ajo t = ae 03— [0.3 oe +03) ,0.4— [049357] > 
(u, .ky) (uw, .k2) (uz ky) (uz ,k2) 


~ <€08,0.2,03 >’ < 0.7,0.1,0.2 >'< 08,0.2,02>'<0.6,02,02> 


(N, 4) = (w ) (u,.k,) (u,.k,) (u, K,) (u,.k,) 
ara 1" < 0.8,04,03 > '< 08,02,04>'<0.6,0.1,01 >'<03,01,02> 


(u,.k,) (u,,kz) (uz .ky) (uz.k3) 
(e2), Se Sa Se 


< 0.8,0.2,0.3 > '< 0.7,0.1,02 >'<0.8,0.2,02 > '<06,02,02> 
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Definition 9 For two EQNSS (Ng), and (N'g.B), over U, (NA), is called an 


effective Q-neutrosophic soft subset of (N ‘grB), if 


is BCA 

ii. N@(T),, is effective Q-neutrosophic soft subset N’9(T),, for all T € B. 
Definition 10 Two EQNSS (Ng), and (N’ ‘grA), over U are equal if (Ng), isa 
EQNSS subset of (N’g,A), and (N’g,4) isa EQNSS subset of (Ng-A). - 


Definition 11 The complement of a EQNSS (Ng.Z), is 
a (x) 

(Ng.Z) . = (Ny 7A) | 

such that Ng : AA = EQNSS(U) a mapping 
fc) — _ : _—| + i 54 
Wo ()a = {Oy cay, = Ming 09,7 ge), = 2 F ng'd,/"lng’(a), = Ong ea,} 
. o\* 

for each x€ e. Itis clear that ((Ne-4), ) = (Ng-A) . 


Example 2 Using our previous Example 1, the complement of the EQNSS Nog(e;), 


denoted by Ng(ex)," is given as follows: 


Ng (e1),° = oe _ (uy kz) (u, F ky) (uz kz) 


~ (0.3.06, 0.8 > "=< 0.2,0.9.0.7 > '=<0.2,08,08> <02,0.8,0.6> 


Definition 12 The union of two EQNSS (Ng-A) | and (N 'grA) over U, denoted by 


(Ng,A) OU (N'gA), 
is the EQNSS (Hg, c ), such that C=AUB and the memberships of truth, 
indeterminacy, and falsity of (He. c ) are respectively as follows: 
Ong (a) (u;-k,) if e€A—B 
Bxigte) (u;-k,) if e€B—A 


8x, {e) — 
weal (Ox (2) (mu,.k,.), Ong(e) (u;.k,)) if e€ ANB 
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Tug (a) (tt;-K,) if e€A-—B 
SH be) = Surge) (u;.k,.) if e€B-A 
min (exo fe) (u; ° k,), Gung Ce) (u;.k,)) if e€ ANB 


Tyg (=) (u;.k,) if eG A—B 
Trg le) (u;.k,) if e€B-A 


Nig (=) — 
min (nap te) (u; k,), Tvrgfe) (u; .k,)) if e€ ANB 


Example 3 Suppose that (Ng-A) and (N'g,4) | are two EQNSS over V,, such that 


(u,,k,) (up kz) kz) (uz ky) 7) (uz,k) 
(w A), -{[e v) Gseercece 0.7,0.3,0.5 ' 0.3,0.6,0.2' a) 


es ) (u,,k,) (w,,k3) (u,k,) (u,,kz) 
2""\ 0.4,0.2,0.8' 0.3,0.6,0.2' 0.8,0.2,0.5’ 0.1,0.2,0.8 


(u,,k,) (uy,kz) (uz,k,) (u,,k,) 
(N'gA), (e.) 0.4,0.6,0.6' 0.7,0.3,0.8' 0.5,0.3,0.4’ 0.2,0.6,0.8/})" 
Then (Ng.A) O(N'g,4) =(Hg,C), where 


= (uy ky)  (uykz)  (uyky) (yk) 
(Hg. c} =~ (e,), SSS ee eS See 
a 0.8,0.2,0.4 0.7,0.3,0.5 0.5,0.3,0.2 0.3,0.2,0.4 


(e ) (u,,k,) (uk) (uz,k,) (u,,kz) 
2""\ 0.4,0.2,0.8' 0.3,0.6,0.2' 0.8,0.2,0.5' 0.1,0.2,0.8 


Proposition 2 If (Ng,A) Pa (N’ eA), and (#Q.¢ r are three EQNSS over U, then 
i. ((Wg-A), 0 (N'g,A), ) © (He,€), = (Wg,4), © ((W’g, A), G (Hq,€), ). 
ii. (Ng,A) O (NgA), © (Ng, 4).. 


Definition 13 Suppose(Ng,A) . and (N'g,A), are two EQNSS over the common 
universe MZ. The intersection of (Ng»A) , and (N'g,A) , is (Ng,A) Ps 
(N'g-A), = (K.. c). such that €=AMB and the memberships of truth, 


indeterminacy and falsity of (KC). are: 
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Oxo te) (u;.k,) if e€A-—B 
Oxote) = 4 Onvgte) (u;.k,) if e€B-—A 
min (@xg¢e) (u; Bt Bxngfe) (u; ik,)) if et€ANB 


nee) (u; k,) if e©&A—B 
A) = Snrgle) (u;.k,) if e€B—A 
max (aaa (u;.K,-), Synge) (u;.k,)) if e€ ANB 


Tyg (=) (u;.k,) if e€A-—B 
Nxg(s) = Nrgfe) (u;.k,.) if e€B-—A 
awe: (ng (ie) (u; ee Trgle) (u iek,)) if e€ ANB 


Example 4 Suppose that (Ng). and (N'g,A) are two EQNSS over U, such that 
_ (u,, ky) (u, k 1) 
(4), = {lceo. Cscere 0.5,0.2,0.9)|' 
(e ) (u,,k,) (uz,k,) 
2"'\0.8,0.2,0.5 ’ 0.4,0.2,0.3 } |’ 
(e,) (u,,k,) (uz,k,) 
2“"\ 0.5,0.4,0.7' 0.8,0.4,0.4)})" 
(wy,k) (gk) k,) 
tl 
(W'e-4), mG v, (ee es "0.7,0.3,0.2 
Then (Ng,A) A (N'g,A), =(Kg,C), where 


os (u,,k 1) (u, k,) 
(Ke), -{[eo. (cerceerene 
Proposition 3 If (Ng,A) Pa (N’ qAl) |, and (Kg,C) are three EQNSS over U, the 


following properties hold true. 
i. ((¥q-A), A (W'g,4), ) A (Kq.€), = (NoA), A ((W'gA), A (Ke-€),) 


ii. (NgeA) A (NgA), © (Ng, 4). 
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Proposition 4 If (Ng-A) .(N"g,A). and (Kg,C) are three EQNSS over U, then 

i. 

((Wq-A),, © (W'g,A), ) A (Rq€), = (We), A (Ke€),) © ((W'g A), A(Ke€),) 
ii 

(9.4) sO (N'e4), ) 0 (Ky.C),. = (9.4), A (Kq,C),) A ((w 'grA), O (Ke, c),) 


Definition 14 If(Ng-A) and (N'Q,A) are two EQNSS over U, then 
"(Ng,A) AND (N'g,4) “is 


(NgA) A(N'gA), = (HgA XB). 


such that Hg(@,8) =Ng(a@)N N'.(8) and memberships of truth, indeterminacy, 
and falsity of of (Hg, A X B). are as follows: 


Bg (ag) (;-k,,) = min (8x (a) (;-k,), Oxrg¢) (u;-K,)), 
Cig (ang) (tt; -k,,.) = max (Eng ao (u;-K,.), Sig cay (uy ik,)), 
Nig (a2) (mu, k,) = FX (nx (a) (u; k,.), Trg (f) (u,.k,)) 
where Va € A, VB € B. 


Example 5 Suppose that (Ng-A) and (N’g.B), are two EQNSS over U, such that 


_ (uy,ky) (uy,k2) (uzky) (uz, kz) 
(Ne4), = {[teo, aad 0.4,0.1,0.3 '0.6,0.4,0.7 a )| 


(n’ B) _ {|c ) ( (uy ky) (upk,) (uyky) (uyk,) ) 
aot aa ass F 


0.5,0.3,0.6’ 0.1,0.9,0.8' 0.1,0.4,0.3 '0.1,0.2,0.6 


(e,),{ Leet) Cera) Cart) _ (Harta) 
2*"\ 0.4,0.1,0.9 '0.3,0.1,0.7 '0.8,0.4,0.3' 0.7,0.3,02)}) 


Then (Ng,A) A(N'g,A) =(Hg,A XB) where 


_ (upky) Wpk:) oki) nk) 
(qx B), = {reve (atthe anes 010407 ' ah 
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fee (ap ky) (yk) (uz,ky)  (u,k2) 
12)*\ 92,05,0.9'03,0.1,0.7 '0.6,04,0.7'0303,08 


Definition 15 If (NgA) | and (N'g,A) are two EQNSS over U, then 
"(NgA) OR (N'g,4) “is 


(NgA), V (N’q. A) = (Kg AXB) 


such that Kg(@,8) = Ng(a@)U N’,(8) and the memberships of truth, indeterminacy, 
and falsity of (Kg. A x B). are as follows: 


Bice (ap) (14; Ky) = max (Gna (u;-k,.), Oxrq¢@) (uj k,)), 
oxo laf) (u;.k,) = min (ares (u;.k,), Snig(#) (u;.k,)), 

Nig (aia) (tt; -k,) = min (napa (u;.k,.). Mvrg¢a (u; ‘k,)) 
where Wa € A, VB € B. 


Example 6 Suppose that (NgA). and (N’ eA), are two EQNSS over U, such that 


(wp.A). ={](e,), (Cee Gerke) Works) _(uarlea) 
a), ~ )|1""\ 0.4,02,0.6' 0.3,0.2,0.7'05,08,04'0.3,0.1,0.1)|' 


(N’ 4), -{[e ), (sare (u,,k,) Qty k) Wyk) (uz,k,) meat 
3 > 0.7,0.4,0.8' 0.5,0.4,0.6' 0.6,0.7,0.1’ 0.2,0.2,0.8 


(e,) (uy, k,) (w,,k2) (u,,k,) (u,,ky) 
“2)"\ 0.6,0.4,03'02,05,04'0.3,0.7,08'0.9,01,02)\\" 


Then (NgA), V (N'g,A), =(Kg,A XB) where 


tam (u,,k ) (u,,k5) (uz,k,) (uz,kz) 
(Kq,A xB), = flere (ee ee melt 


f ( (u,,k,) (u,, k) (u,,k,) (u,, k) ) 
Sis) >a Se re SS | 
0.6,0.2,0.3 0.3,0.2,04 0.5,0.7,04 0.9,0.1,0.1 
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Proposition 5 If (Ng-A) nd (N ‘grA), are EQNSS over U, then 
i,((¥q,4), A(N'g,A), ) = (q,4),°V(N'g,A), © 

al c 
ii (Ng.A) v (W'g,4) ) =(NgA) A(N'y,A),° 


4, An Application of EQNSS 


We will now present an application of EQNSS theory to illustrate that this concept 
can be successfully applied to decision-making problems with uncertain 
information. The following algorithm is suggested to solve an effective Q- 
neutrosophic soft expert-based decision-making problem below. For comparison 


purposes in this section, an example is used in [28]. 


People both in line with their own actions and needs and the conditions of the living 
space and the environment; It meets the main act of housing in different types of 
housing. The planning and design of the immediate surroundings of the house 
depends on what is expected of it, how it will be used and how it will serve the 
house in it. Answers to these questions should be sought before starting design. As 
everywhere in the world's climate is the main factor that determines the types of 
housing conditions in Turkey. In addition, natural natural conditions such as 
geological structure and vegetation determine the housing types. Economic and 
cultural development in our country reduces the impact of the natural environment 
on housing types. Therefore Ezgi Construction Company wants to build housing in 
four different regions in the site planning. There are three alternatives 
U = {u,,uz,u,}, with two types of qualifications Q={k,,k,} and there are two 
parameters €={e,,e,} with e;, (i=1,2) standing for “transportation” and 
“location” respectively and the set of effective parameters is represented by A ={ 


lL, = “environment”, L, = “price”}. 


AY(uyk,) = {4 2} (uk) = [7 rr 
Uy, 17 ~ (0.6,0.3,0.7) ' (0.3,0.4,0.7) Uy, te (0.4,0.2,0,7)' (0.9,0.5,0.4) 


1 i, I I, 
A5(u,,k - —_— } A’ (u,,k, -|—_4 —_— 
(u, 1) (0.4,0.3,0.5) (0.8,0.1,0.6) (uz 2) (0.2,0.5,0.4) (0.5,0.6,0.7) 


ly L, 


I L, 
Ate a | = a A’ = _ a 
(s-k) = (70206) (080403) \s-*2) = (60305) (080.4,03) 
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(us. kz) 
0.3,0.4,0.5'0.7,0.3,0.7’ 0.5,0.4,0.6 '0.5,0.3,0.2'0.5,0.8,0.2’ 0.6,0.3,0.7 } |’ 


(uz,k2) (us, ky) (u3,kz) 


Tables 1 presents the EQNSS. 


The following algorithm may be used to choose the most qualified candidate 


to fill the vacancy. 


1. Input the QNSS (Ng,Z). 
2. Compute the EQNSS (Ng.Z),- 


|8—T—nl 


3. Compute the EQNSS s;(u,k) = +7 


4. Determine maxs;. 


Table 1: EQNSS 


uUxQ (1, ky) (uy,kz) | (uz,ky) | (ug,kz) | (ug, k,) (u3,k) 
N(e,), (0.6, 0.3, 0.2) | (0.9,0.2,0.3) | (0.8,0.3,0.3) | (07,01, | (.9,0.6,01) | (0.9,0.2,04) 
0.1) 
N(e>), (0.8, 0.5,0.1) | (1.0,0.2,0.2) | (0.9,0.3,01) | (05,01, | (09,0.1,03) | (9,0.3,0.5) 
: 0.3) 
glu.) = aaa 0.3 0.5 0.4 0.6 0.5 0.2 


As can be seen, the maximum score is maxs; = 0.6. So, the best alternative is u, 


and best qualification is k. 


5. Conclusion 


We have introduced the concept of a effective Q -neutrosophic soft set along with 
its operations of equality, union, intersection, OR, and AND. The application of this 
novel concept to a decision-making process is illustrated and compared to those in 
existing literature. It is shown that this proposed concept is more inclusive by 
considering the membership of falsity and indeterminacy, expert, neutrosophy and 
Q -fuzzy. Thus, the proposed approach is shown to be useful in handling realistic 


uncertain problems. 
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6. Future Research Directions 


This study can be extended by using other type of neutrosophic decision making 
approaches, including interval valued neutrosophic soft sets, bipolar neutrosophic 


soft sets. 
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ABSTRACT 


Modules are one of fundamental and rich algebraic structure with respect to some 
binary operations in the study of algebra. In this paper definition of Symbolic n- 
Pilthogenic R-modules and Symbolic n- Pilthogenic submodules in algebra are 
introduced. Some properties of Symbolic n- Pilthogenic R-modules and Symbolic n- 
Pilthogenic submodules are presented. More precisely, classical modules, ring and 
Symbolic n- Pilthogenic rings are utilized. Consequently, Symbolic n- Pilthogenic 
R- modules which are completely different from the classical modular in the 
structural properties are introduced. Also, Symbolic n- Pilthogenic R-module 
homomorphism is explained and some definitions and theorems are presented. 


Keywords: Neutrosophic sets, Symbolic n- Pilthogenic ring, Symbolic n- 
Pilthogenic R-module, weak Symbolic n- Pilthogenic R-module, strong Symbolic n- 


Pilthogenic R-module, Symbolic n- Pilthogenic R-module homomorphism. 
1. INTRODUCTION 


Neutrosophy is a new branch of philosophy which studies the nature, origin and 
scope of neutralities as well as their interaction with ideational spectra. 
Neutrosophy is the base of neutrosophic logic, which is an extension of fuzzy logic 
in which indeterminacy is included. 

Florentin Smarandanche introduced the notion of neutrosophy as a new branch 
of philosophy in 1980. After that, he introduced the concept of neutrosophic logic 
and neutrosophic set where each proposition in neutrosophic logic is approximated 
to have the percentage of truth in a subset T the percentage of indeterminacy in a 
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subset I and the percentage of falsity in a subset F so that this neutrosophic logic is 
called an extension of fuzzy logic as well as an extension of intuitionistic fuzzy logic. 

In fact, neutrosophic set is the generalization of classical set, neutrosophic group 
and neutrosophic ring the generalization of classical group and ring etc. The same 
way neutrosophic R-module is the generalization of classical R-module. By utilizing 
the idea of neutrosophic theory, Vasantha Kanadasamy and_ Florentin 
Samarandanche [1-2] studied neutrosophic algebraic structures in by inserting an 
indeterminate element J in the algebraic structure and then combining J with 
corresponding binary operation. 

One of the most attractive concepts for mathematicians is algebraic structures 
due to their analog properties and close relationship with other branches of 
mathematics, such as geometry and matrix theory [3,4]. During the last two years, 
researchers have become interested in studying symbolic n-plithogenic algebraic 
structures. 

These structures were supposed by Smarandache in [5] as novel generalizations of 
classical algebraic structures that have symmetric logical elements combined with 
algebraic elements. 

Baser and Ulugay [30] defined effective q- fuzzy soft expert sets. Then, Baser and 
Ulucay [59] defined energy of a neutrosophic soft set and its applications to multi- 
criteria decision-making problems. These algebraic structures [71-80] have been 
constructed in a manner similar to their analogues using neutrosophic logic, where 
it is possible to clearly see that the method that was used to construct the 
neutrosophic structures [6,7], the split-complex numbers [8,9], and the weak fuzzy 
numbers [10] was used in the extension of algebraic rings by plithogenic sets. 

For the case of m = 2, we find many studies that deal with corresponding 
plithogenic structures. In [11], Merkeci et al. defined the symbolic 2-plithogenic ring 
and studied its elementary properties and substructures, such as AH-ideals, AH- 
homomorphisms, and kernels. Laterally, their results were used by Taffach and 
other authors to define and study symbolic 2-plithogenic vector spaces [12], 
symbolic 2-plithogenic modules [13], and symbolic 2-plithogenic number theory 
[14]. A wide review of symbolic 2-plithogenic algebraic structures is provided in 
[15,16]. This is what prompted other researchers to generalize the previous results 
to the symbolic n-plithogenic case. In [17,18], symbolic 3-plithogenic, 4-plithogenic, 
5-plithogenic rings were handled for the first time by Albasheer and A.Hatip ; then, 
symbolic 3-plithogenic vector spaces, modules, and number theoretical concepts 
were defined and studied (see [19,20,21,22]). Keskin and Baser [29] presented an 
investigation of the Baer-Kaplansky property. These advanced set theories have 
been successfully applied to various extension of fuzzy sets across multiple 
domains [24-70]. 
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This is what prompted us to follow up the previous scientific efforts and to study 
4-plithogenic rings for the first time by providing basic definitions and proofs that 
describe the algebraic behavior of the elements of these rings. It is noteworthy that 
these new rings will be very useful in more extensive classes of algebraic modules 
and vector spaces, and also cryptographic algorithms. 

The present paper is devoted to the study of Symbolic n- Pilthogenic R-module. 
More properties of Symbolic n- Pilthogenic R-module will be presented. 


2.BACKGROUND 
In this section, we will give some definitions, examples and results that will be 
useful in other sections of the research. 


Definition 1. [2] Let U be a universe. A neutrosophic sets 4 over U is defined by 
A {< u, (7, (2), £, (2), F,(u)) >:u EU} 


where, T.,(u) , Lg(w) and F,(w) are called truth-membership function, 
indeterminacy-membership function and _ falsity- membership function, 
respectively. They are respectively defined by 


Tg: >)0,1*[, I,:U 7] 0,1*[, F,:U 3]70,17[ 
such that O- < T,,(u)+1,(u)+F,(u) < 3°. 


Definition 2. [23] Let U be a universe. A single valued neutrosophic set (SVN-set) 
over W is a neutrosophic set over U, but the truth-membership function T, 
indeterminacy-membership function J and falsity- membership function F are 
respectively defined by 


Tyg: )0,1*[, I,:U >] 0,1*[, Fz: 3]-0,17[ 

Such that 0 < T.,(u)+1,(u)+F,(u) < 3. 
Definition 3. [23] The Plithogenic Numbers (PN) of the form 
PN = a, + a,P, + a,P, + ~+4,P, 
defined as above are called Plithogenic Numbers. 
Definition 4. [23] Let’s consider two plithogenic numbers: 

PN, = a, + a,P, + a,P, + + 4,P, 

PN, = b, + bP, +b, P, +--+ bP, 


1. Addition of Plithogenic Numbers: PN, + PN, = (a, +b.) +Z%,(a; + b;)P, 
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2. Subtraction of Plithogenic Numbers: 
PN, — PN, = (ay — by) + Zi=, (a; — B;)P; 
3. Scalar Multiplication of Plithogenic Numbers: 
rPN, — ra,+ra,P, +ra,P,+~-+ra,P, 
4. Multiplication of Plithogenic Numbers 
PN, - PN, = (a, + a,P, + a,P,+--+4,P,) - (by + bP, +b, P,+ +52.) 


and then one multiplies them, term by term a;P; -a;P; = @; * @;P max (j,7) Where « is 
the classical multiplication as in classical algebra, using the above multiplication of 


symbolic plithogenic components. 
As particular case: 


1. 0.P,=0 
2. 1=1+0.P,+0.P,+--+0.P, 
3.0n Symbolic n- Pilthogenic R — Module and Their Properties 


In this section, we define the Symbolic n- Pilthogenic R — Module and Symbolic n- 
Pilthogenic R—SupModule. Then, we point out that Symbolic n- Pilthogenic 
R — Module has more properties than the classical R — Module. 


Definition 5. Let (M,+,-) be any R-module over a commutative ring R. The triple 
(m —SPM,+,-) is called a weak Symbolic n- Pilthogenic R-module over a ring R 
generated by M. Py, P,...,P,. 


If (m —SPM,+,-) is a Symbolic n- Pilthogenic R-module over a refined neutrosophic 
ring (m — SPR, +,-) then (nm —SPM,+,-)is called a strong Symbolic n- Pilthogenic R- 
module. 


Theorem 6. Every strong Symbolic n- Pilthogenic neutrosophic R-module is a weak 
Symbolic n- Pilthogenic R-module. 


Proof: Suppose that (m—SPM,+,-)is a strong Symbolic n- Pilthogenic R-module 
over a Symbolic n- Pilthogenic ring(m—SPR,+,-) . Since R C (n—SPR,+,-) for 
every ring R, it follows that (m—SPM,+,-)is a weak Symbolic n- Pilthogenic R- 
module. 


Theorem 7. Every weak Symbolic n- Pilthogenic R-module is an R-module. 


Proof: If we have PN,, PN, € (n—SPM,+,-) and_ r,s €R then: 
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r(PN,+PN,)=r[(a, + by) + TZ, (a; + b,)P;] = r(ay + by) + 
1. rY=1(a; + b,)P, 


we T 
=ray+ r) (@)P, +rb, + r) @)P, =rPN,+rPN, 
i=1 i=1 
2. (r+s)PN,=(r+s)a, + (r+s)a,P,+ (r+s)a,P,+--+(r+s)a,P, 
ra, + ra,P, +ra,P, + --+ra,P, + sag + sa,P, + sa,P, + --+ sa,P, 
=rPN, + sPN, 


(r-s)PN, = (r-s)ay + (r-s)a,P, + (r-s)a,P,+-"+(r-s)a,P, = 
3, r(s-PN,) 


4, (14+0.P,+0.P,+--+0.P,)PN, = PN, 


Therefore, that (m —SPM,+,-) is an R-module. 


Definition 8. Let (m — SPM, +,-) be a strong Symbolic n- Pilthogenic R- module over 
a Symbolic n- Pilthogenic ring (n— SPR,+,-) and let (m —SPN,+,-)be a nonempty 
subset of (nm —SPM,+,-). (nm —SPN,+,-) is called a strong Symbolic n- Pilthogenic 
submodule of (m—SPM,+,-) if (m—SPN,+,-) is itself a strong Symbolic n- 
Pilthogenic R- module over (m — SPR, +,-). It is essential that (m —SPN,+,-) contains 
a proper subset which is an R-module. 


Definition 9. Let (m —SPM,+,-) be a weak Symbolic n- Pilthogenic R- module over 
a Symbolic n- Pilthogenic ring (m— SPR,+,-) and let (m —SPN,+,-) be a nonempty 
subset of (m —SPM,+,-). (nm —SPN,+,,) is called a weak Symbolic n- Pilthogenic 
submodule of (m —SPM,-+,-) if (m —SPN,+,-) N (J,,1,)is itself a weak Symbolic n- 


Pilthogenic R- module over (m — SPR, +,,). It is essential that (m —SPN,+,-) contains 
a proper subset which is an R-module. 


Theorem 10. If we have (m —SPM,+,-) as a Symbolic n- Pilthogenic R-module over 
a ring R and if we take (n —SPN,+,-) as a subset of (n —SPM,+,;), (n —SPN,+,) 
is a weak Symbolic n- Pilthogenic submodule of (m—SPM,-+,-) if and only if the 


following conditions hold: 


1. PN,, PN, € (n—SPN,+,) > PN, + PN, € (n—SPN,+,7) 


2. For allr€ 2, PN, € (n—SPN,4+,-) > rPN, € (n —SPN,+,) 
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3. (m—SPN,+,-) must has a proper subset which is a R- module. 
Corollary 11. If we have (m —SPM,+,-) as a Symbolic n- Pilthogenic R-module over 
a ring R and if we take (nm —SPN,+,-) as a subset of (n —SPM,+,;), (n —SPN,+,-) 
is a weak Symbolic n- Pilthogenic submodule of (m—SPM,+,-) if and only if the 


following conditions hold: 


1. For all 


r,s€R and PN,, PN, € (n— SPN,+,) > rPN, +sPN, € (n—SPN,+,) 
2. (m—SPN,+,-) must has a proper subset which is a R- module. 
Example 12. Let (m—SPM,+,-) be a weak Symbolic n- Pilthogenic R-module. 
(m —SPM,+,-)is a weak Symbolic n- Pilthogenic submodule called a trivial weak 


Symbolic n- Pilthogenic submodule. 


Theorem 13. Let (m —SPM,+,-) be a Symbolic n- Pilthogenic R-module over a ring 
R and let {m—SP-.}.-, be a family of Symbolic n- Pilthogenic submodules of 
(m —SPM,+,-). Then mf{m—SP,_}.-,3 is a Symbolic n- Pilthogenic submodule of 


(mn —SPM,+,7). 


Remark 14. Let (m — SPM, -+,-) be a Symbolic n- Pilthogenic R-module over a ring R 
and let (m—SPN,,+,") and (m —SPN,,+,-) be two distinct Symbolic n- Pilthogenic 
submodule of (m—SPM,+,-). Generally, is not a (n —SPN,,+,-) (mn — SPNyj,+4,-) 


Symbolic n- Pilthogenic submodule of (m — SPM, -+,,). 


However, if (n—SPN,,+4,-) C (n—SPN,,4,-) or (n—SPN,,4,-) > (n— SPN,,4,-) 


then 


(nm —SPN,,+.,") U(m—SPN,,+,-) is a Symbolic n- Pilthogenic submodule of 


(nm —SPM,+,;). 
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4.Symbolic n- Pilthogenic R- Modules homomorphism 
Definition 15. If we have (m—SPM,+,-) and (m—SPN,+,-) as two Symbolic n- 
Pilthogenic R- modules over a ering R , a mapping 
g:(n—SPM,+,) —> (n—SPN,+,) is said to be a Symbolic n- Pilthogenic 


homomorphism R — module, precisely when: 


1. g(rPN,+sPN,)= re(PN,)+ sp(PN,) for all 
r,s€R and PN,, PN, € (n— SPM,-+,-) 
2. p(P,)=P, :i=1,2,..,n 
Endomorphism, epimorphism, monomorphism, automorphism, and isomorphism 


of ~ have the same definitions as those of the classical cases. 


Definition 16. Let (m—SPM,+,-)and (m —SPN,+,-) be Symbolic n- Pilthogenic R- 
modules over a ring R and let w: (m — SPM,+,-) — (m — SPN,+,-) be a Symbolic n- 


Pilthogenic R-module homomorphism then: 
(1) The kernel of y denoted by kery is defined by the set 
kerw = {PN € (n —SPM,+,-): p(PN) = 0+ 0.P,+0.P, +--+ 0.2} 
(2) The image of y denoted by Imy is defined by the set 
Imp = {PN, € (n — SPN,+;-),3PN, € (n—SPM,4,-) : W(PN,) = PN} 


Example 17. Let (m —SPM,+,-)be a Symbolic n- Pilthogenic R-module over a ring R 
. The mapping w: (nm — SPM,+,-) — (n— SPM,+,-) defined by w(PN) = PN for all 


PN € (mn —SPM,+,-) is Symbolic n- Pilthogenic R-module homomorphism and 


1. ker =0+0.P,+0.P,+-~-+0.2, 
2. Imp = (n— SPM,+4,-) 


Example 18. The mapping w: (m — SPM, +,-) — (m — SPM,+,;) defined by 
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w(PN) = 0+ 0.P,+0.P,+--+0.P, 
for all PN € (m — SPM, +,-) is Symbolic n- Pilthogenic R-module homomorphism. 


Definition 19. Let (m —SPM,-+,-)and (m —SPN,-+,-) be Symbolic n- Pilthogenic R- 
modules over a ring R and let w:(m — SPM, +,-) — (m— SPN,-+,-) be a Symbolic n- 


Pilthogenic R-module homomorphism then: 


1. keryw is not a Symbolic n- Pilthogenic submodule of (m —SPM,+,-)but a 
submodule of M. 
2. Imyis aSymbolic n- Pilthogenic submodule of (m — SPN, +,-). 


Proof: 
1. Obviously P) = 0+ 1.P, + 0.P, +--+ 0.P, € (n—SPM,+,) but 
(P|) = P, + 0+0.P,+0.P,+--+0.P, . That kery is a submodule of M is clear. 
2. Clear. 
5. Conclusion 


In this paper, we defined the Symbolic n- Pilthogenic R-modules and Symbolic n- 
Pilthogenic submodules which are completely different from the classical modules 
and submodules in the structural properties. It was shown that every Symbolic n- 
Pilthogenic R-module is an R-module. Finally, Symbolic n- Pilthogenic R-module 
homomorphism were explained and some definitions and theorems were given and 
many illustrative examples were presented. 
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ABSTRACT 


In regression problems, neutrosophic sets provide a structured way to 
address the uncertainty, indeterminacy, and inconsistency often present in complex 
or incomplete data. Unlike traditional binary frameworks limited to true/false 
values, neutrosophic logic expands the scope of data interpretation by 
incorporating three distinct degrees: truth, indeterminacy, and falsity. This 
approach allows for a more nuanced representation of information, enabling the 
model to better handle ambiguous or conflicting data. By assigning varying degrees 
to these three factors, neutrosophic sets enhance regression analysis, making it more 
robust in scenarios where traditional regression might struggle with data 


imperfections or variability. 
Keywords: Neutrosophic sets, Linear regression, Non-linear regression 


1 INTRODUCTION 
Supervised learning is a machine learning technique that involves mapping 
inputs to outputs using sample input-output pairs as a guide. Regression problems 


are considered supervised learning problems. They try to predict outcomes within 
a continuous output, that is, they try to map variables to some continuous function. 
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Given that the world is filled with uncertainties, neutrosophic concepts have been 
increasingly adopted in up-to-date investigations in the fields of machine learning. 
Smarandache introduced the foundational principles of neutrosophic sets in his 
research [1]. Baser and Ulugay [49] defined effective q- fuzzy soft expert sets. Then, 
Baser and Ulucay [45] defined the energy of a neutrosophic soft set and applied it 
to multi-criteria decision-making problems to show its applicability. As research 
increasingly seeks to address the complexities and uncertainties in various fields, 
the integration of neutrosophic logic into statistical analyses, particularly 
regression, offers a promising approach for enhancing predictive modeling [17-50]. 
Regression analysis focuses on examining how a dependent variable is influenced 
by one or more independent variables to predict its future values. Regression is 
commonly applied to continuous numerical data, assessing how independent 
variables impact variations in the dependent variable. Regression problems are 
frequently used across various fields to make predictions or to understand 
relationships between variables. There are two primary types such as Linear 
Regression and Non-linear Regression. Linear Regression used when the dependent 
variable has a linear relationship with independent variables. Non-linear regression 
is used when the connection between dependent and independent variables does 
not follow a linear pattern [2]. Regression analysis serves as an effective method for 
generating forecasts, creating decision support systems, and testing hypotheses in 
scientific research. Neutrosophic statistics, grounded in neutrosophic logic, focus 
on quantifying uncertainty [51-67]. They extend intuitionistic fuzzy sets, making 
them suitable for handling uncertain environments. In this framework, 
neutrosophic statistics facilitate variance and significance testing, even when 
observations fall outside traditional fuzzy boundaries, effectively broadening the 
scope of both classical and fuzzy statistical methods [3]. In comparison, 
neutrosophic regression analysis builds on the same principles of neutrosophic 
logic but focuses on modeling the connection between the target variable and 
predictor variables under conditions of uncertainty and indeterminacy. Unlike 
traditional regression, neutrosophic regression can handle inconsistent or 
incomplete data by assigning truth, indeterminacy, and falsity values to each 
observation. This allows for a more flexible and robust model that accommodates 
ambiguous data, enhancing the predictive accuracy and applicability of regression 
in uncertain contexts. 

Within machine learning, especially when dealing with regression models, 
the precision of data characteristics is crucial. The effectiveness of a regression 
model depends on its capacity to detect relationships and trends in the input data 
[4]. Therefore, ensuring the accuracy of these characteristics is critical for the overall 
prediction process. Additionally, flawed or unreliable data features can severely 
hinder the model's ability to make generalizations, leading to noise that 
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compromises the integrity of the predictions. Such inaccuracies can result in 
unreliable forecasts and diminished model performance. Even minor discrepancies 
in the input data can propagate through the modeling process, ultimately distorting 
the outcomes and undermining the decision-making process. Thus, meticulous 
attention to the quality of data features is essential for developing robust regression 
models that can produce reliable and valid predictions in various applications. To 
effectively evaluate the performance of these models, it is crucial to rely on 
performance measures, or error metrics, which play a vital role in evaluation 
frameworks. These metrics are defined as logical and mathematical constructs that 
assess the proximity between actual results and predicted outcomes. Among the 
most widely used error metrics in regression analysis are mean square error (MSE), 
root mean square error (RMSE), mean absolute percentage error (MAPE), and mean 
absolute error (MAE) [5]. It has been applied in areas such as neutrosophic simple 
linear regression [6], neutrosophic multiple regression [3], neutrosophic non-linear 
regression [7], neutrosophic fuzzy regression [8], and interval prediction regression 
[9] promising results have been obtained. 

In the rest of the article, the application of single-valued neutrosophic (SVN) 
sets and interval-valued neutrosophic sets to regression analysis is examined, and 
each approaches is examined by dividing them into subheadings. 


2 SINGLE-VALUED NEUTROSOPHY FOR REGRESSION MODEL 


A regression model is a statistical method employed to analyze the connection 
between one or more predictor variables and a dependent variable. The main goal 
of regression analysis is to estimate the dependent variable's value using the 
independent variables and to evaluate the strength and type of their 
interrelationships. Regression models are widely used in various fields, including 
economics, biology, engineering, social sciences, and business, for tasks such as 
trend analysis, forecasting, and hypothesis testing. Neutrosophic regression 
analysis is an effective approach for modeling connections between variables and 
for assessing the uncertainty present in the observed data [3]. While determining 
the correlation coefficients of correlation and neutrosophic data in probability 
spaces, the correlation coefficient plays an important role in measuring the strength 


of the linear relationship between two variables. 
A SVN set § each element x in the universe U is denoted by SVN as follows [10]. 
S(x) =< T(x), 1 (x), F(x) > 


T(x), I(x), F(x) € [0,1] 


137 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve Sahin 


10 <T(x)+1(x)+F(x)< *3 


if we have one input independet variable YS output, XPinput, a> intercept, b> 


slope, and e> residual then regression equation like at the below [11]. 
¥=a+bx+e 
if we have more than one input independent variable equation like at the below. 
¥=a+b,X,+b,X,+-~-+b,X,+€ 


For a SVN linear regression model, each observation of the dependent variable Y, 


and the independent variables X; is represented by three components: 
ro<7.¥.¥.> 
KX, =< Xin Xin Xie > 
Tt 
¥ =< @g797 997 > +) < by, by, Dig >.< Xi Xi Xig > KE yz, Ey, E> 
i=1 
To estimate the parameters b;,, b;;,b;- , we can use modified optimization 


techniques (neutrosophic least squares) to minimize the neutrosophic error terms 


across truth, indeterminacy, and falsity dimensions. 


Error metrics such as MSE evaluate for neutrosophic real value can be defined like 
¥;.7)¥iy.¥;e and predicted value can be defined like ¥;';, ¥;;, ¥;y for input value 
Xin Xin Xig 


1 x x p42 
MSE = —Y[(ir —Yir)”)( ha — Yi)” ) Wie — Yer)” )I 
3 THE INTERVAL VALUED NEUTROSOPHY FOR REGRESSION MODEL 


In the realm of neutrosophic statistics, the interval prediction model 
enhances the effectiveness of regression analysis by incorporating the inherent 
uncertainties associated with data and model estimations. Unlike traditional 
regression methods that yield point estimates, the interval prediction model 
acknowledges that real-world phenomena often exhibit variability and imprecision. 
By generating prediction intervals that encompass a range of possible outcomes, 
this model provides a probabilistic framework for understanding the uncertainty 
surrounding predictions [12]. Specifically, the prediction interval is constructed by 
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assessing both the uncertainty in the regression estimates and the variability present 
in the observed data. This dual consideration allows practitioners to express their 
predictions not just as a single value but as a range within which the true value of 
the dependent variable is expected to lie with a specified level of confidence [9]. 
Consequently, the use of neutrosophic interval predictions empowers decision- 
makers with a more nuanced understanding of potential outcomes, enabling them 
to account for uncertainties and make more informed choices in various 
applications of machine learning. 

Interval-Valued Neutrosophic Number (IVNN): IVNN is a structure in 
which the truth, uncertainty, and falsity components of an element are each 
expressed as intervals [13]. 

For these three components, each is defined in a specific interval. For an 
input variable x, in the dataset, IVNN representation is given by: 


x, =< (1.72), (AP), FE RY) > 


TT te de Fe Pe lower and upper bounds for the truth, indeterminacy, and 


falsity intervals, respectively. 


Assume we are building a linear regression model for each components T, J, and F. 
The regression model aims to predict intervals for each component of the output 


based on the input intervals. The regression model can be formulated as [14]: 
Ke =< (72,77), 07), (FFP) > 
Y¥=a+bX+e 


L U U L 
ay y ap J br, and br 


Ft = ab + Eb Ky, 72 =a +E DY, Ky 


I r i 
r=. +2521 br; Kips i? = a? +2 by; Xi 


FE — ak — yy=1 be ; Xi 5 7 ad —= al + yy=1 bj K;; 


To evaluate the performance of this interval-valued neutrosophic regression model, 


we define an interval-valued Mean Squared Error (MSE) for each component: 


i<*, — ; 
MSE, =—) ((}—T})? +f? —1)*) 
i=1 
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MSE, = - (iE ££) + (iv — £2?) 
i=1 


TF 


inv. a F 
MSE, =—) ((#t—FiY + (FY —FY)*) 
i=1 


MSE = MSE, + MSE, + MSE; 


For prediction interval, it is essential to account for the uncertainty in the 
regression model's predictions and the inherent variability of the data; the interval 
is typically symmetrical, extending a specified amount above and below the 
predicted value, and is determined based on the standard error of the prediction 
and the residual standard deviation that reflects the spread of the model's errors. 
The use of this method is to obtain the result by obtaining a range instead of a 
single floating number obtained from the regression analysis. In many real-life 
examples, the prediction results often actually contain a distribution of 
probabilities within a certain range rather than a single number. Such as the 


probability of recovery from diseases. 
4, Conclusions 


Neutrosophic regression models, both single-valued and interval-valued, offer a 
robust framework for handling uncertainty, indeterminacy, and inconsistency in 
data. These models are particularly valuable in fields where data imperfections are 
prevalent, and more traditional methods struggle to produce accurate predictions. 
As machine learning continues to evolve, incorporating neutrosophic logic into 
regression analysis will play an essential role in enhancing the reliability and 
robustness of predictive models across a variety of industries, from healthcare to 
finance and beyond. In summary, neutrosophic regression provides a flexible and 
powerful framework for modeling relationships between variables under 
uncertainty. By incorporating the three key components of truth, indeterminacy, 
and falsity, this approach offers significant advantages over traditional regression 
methods, especially when dealing with incomplete, conflicting, or imprecise 
interval-valued data. The use of interval-valued neutrosophic sets further enhances 
prediction accuracy by providing a range of possible outcomes rather than a single 


estimate, which is critical for decision-making in uncertain environments. Future 
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research could focus on integrating neutrosophic regression with modern machine 
learning techniques, further improving its applicability and performance in 


complex, real-world problems. 
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Abstract 


We introduce the concept of an effective neutrosophic soft set, which aims to 
capture the influence on three independent membership functions representing 
degrees of truth (T), indeterminacy (I) and falsity (F). We go further by presenting 
a generalization of the effective Q- neutrosophic soft expert set, which includes the 
incorporation of a degree to signify the potential for an approximate value-set. This 
enhancement contributes to improved efficiency and realism in the concept. 
Notably, this innovative approach leverages the strengths of both the neutrosophic 
soft set and the effective neutrosophic soft expert set. The subsequent sections delve 
into fundamental operations on the generalized effective Q-neutrosophic soft expert 
set, providing clarity through illustrative examples and propositions. 


Keywords: Neutrosophic sets; Effective Q - Neutrosophic Soft expert Sets, Decision- 
Making. 


1.Introduction 


In this regard, the concept of intuitionistic fuzzy sets, introduced by Atanassov [1], 
followed by Molodtsov’s work on soft sets [2], and neutrosophic logic [3], as well as 
neutrosophic sets [4,5] by Smarandache, has gained significant attention. The term 
"neutrosophy" refers to the study of neutral thought, which distinguishes 


neutrosophic logic from traditional fuzzy and intuitionistic fuzzy logic by 
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introducing the notion of neutrality. Currently, research on soft set theory is 
progressing rapidly, with extensive literature on Q-fuzzy sets. For example, Q- 
fuzzy soft sets [6-8] and multi-Q-fuzzy sets [9-11] have opened up many 
applications [12-17], including the development of multi Q-fuzzy soft expert sets 
[18]. Sahin et al. [19] introduced neutrosophic soft expert sets, and Hassan et al. [20] 
expanded this further with the Q-neutrosophic soft expert set. In 2022, Alkhazaleh 
[21] introduced the concept of the Effective Fuzzy Soft Set (EFSS), which was 
designed to extend the notion of external effectiveness within the framework of soft 
sets. Later, the concept of Effective Fuzzy Soft Expert Sets [22] was proposed, 
incorporating expert opinions into a unified model. Baser and Ulugay [23] further 
defined effective Q-fuzzy soft expert sets. In 2023, the Effective Neutrosophic Soft 
Set [24] was introduced and later extended to the generalized Effective 
Neutrosophic Soft Set (ENSS) [25], incorporating the concept of effectiveness across 
three independent membership functions: truth (T), indeterminacy (I), and falsity 
(F). Furthermore, the concept of the Effective Neutrosophic Soft Expert Set [26] was 
introduced, along with associated operations and practical examples. Building on 
this, we develop a new mathematical tool by combining the concept of the Effective 
Neutrosophic Soft Set with the supply set Q—a mathematical framework designed 
to capture the nuances of uncertain information through three distinct membership 
functions representing degrees of truth (T), uncertainty (I), and falsity (F). We 
introduce the Effective Q-Neutrosophic Soft Expert Set, a new concept that 
enhances the framework’s ability to model complex real-world scenarios. This 
innovative approach combines the strengths of both the Effective Neutrosophic Soft 
Set and the Effective Neutrosophic Soft Expert Set, offering a versatile and 


comprehensive representation of uncertainty. 


Baser and Ulucay [27] defined the energy of a neutrosophic soft set and applied it 
to multi-criteria decision-making problems to show its applicability. Then, these 
advanced set theories have been successfully applied to various decision-making 
problems across multiple domains [28-63]. The aim of this chapter, this research 
advances mathematical models for managing uncertainty, bridging the gap 
between theoretical foundations and practical applications. By introducing a 
comprehensive framework that integrates elements of neutrosophic sets and soft 


expert sets, the study offers a novel approach to addressing uncertainty and 
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ambiguity in decision-making processes, providing valuable insights and practical 


solutions. 


2. Preliminaries 


Definition 1 [4] Let € be a universe of discourse, with a generic element in & 
denoted by e then a neutrosophic set (NS) NW is an object having the form 

N = {<e: 3, (e),J,(e),F, (e),e € €} 
where the functions 7,3, F :&-— ]0, 1‘ define respectively the degree of 
membership (or Truth) , the degree of indeterminacy, and the degree of non- 


membership (or Falsehood) of the element e € € to the set N with the condition. 

0 < F,(e) +3y(e) + 7, (e)< 3° 
Definition 2 [14] Let € be an initial universe set and € be a set of parameters. 
Consider NCe. Let P(€) denotes the set of all neutrosophic sets of €. The collection 
(@, N) is termed to be the soft neutrosophic set over €, where F is a mapping given 


by @:N —>P(E€). 


Definition 3 [5] A neutrosophic set N is contained in another neutrosophic set N, 
ie. NON, if VeE E; F,(e) < Ty (e), Iy(e) < Jy, (€),Fy (©) = Fy, (©). 

Definition 4 [22] € is an initial universe, € is a set of parameters X is a set of experts 
(agents), and O ={agree=1, disagree=0} a set of opinions. Let Z= exXxO and NG Z. A 
pair (@, N) is called a soft expert set over U, where F is mapping given by 


g:N — P(€) 
where P(€) denotes the power set of €. 


Definition 5 [19] A pair (@, N) is called a neutrosophic soft expert set (NSES) over 
E, where @ is a mapping given by 


@:N > P(E) 


where P(€) denotes the power neutrosophic set of €. 
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Proposition 1[19] 
For two NSES 
6. (g@,N)C(w,N,) if and only if 
To(n) (©) ST (n,) ©)» Joeny (©) Sys (n,) (2) Focm (©) Fyn) (©) 
Vn EN,n, €N,,€€ €. 


7. (@,N) = (,N,) if and only if 
Fon) (€) = Fyn.) (€)» Igcny (6) = Tygn,) (©)-Fep(ny (©) = Fyn ©) 
Yn E€N,n, €N,,e€€ €. 


8. (@,N)° = 
fe, Tyrtn) = Feta» Tertn (©) = Ipiny (©), Feria) = Tom ? VN EN,e EE}. 
9. Anagree-NSES, 
(y, N)* = {ge (a):a € ex X~ {1}}. 
10. A disagree-NSES, 
(y, N)° = {p°(a): a € ex Xx {O}}. 


Fein) (a) . ifne N— Nj, 
Tein) (a) ’ ifne N,—N, 
max (Fen (2), Fatnp) (a)), if nE NON. 
Fein) (@) ’ ifn EN— Ny, 
11. (H,N)O(G,N,) = Tata (2) a if nEN,—N, 
Joe if mENOM, 
Fan) (a) » if ne Ny, —WN, 


min ( Fyn) (@), Fan) (a)), ifnE NAN, 


min (Fn) (@),Tan)(@)), 
12. (HN) A(G.N,) = Smo +7e(0@) 


2 
max ( Fyn) (a), Fa(n) (a)), if nEeNn Nj. 
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Definition 6 [11] Let J be unit interval and k be a positive integer. A multi Q -fuzzy 
set No in €& and a non-empty set Q is a set of ordered sequences 


Ng = {(e.¢),;(e.¢):e € €,q € Q} where 
R:ExQri*®, i=1,2,..,k. 


The function (7,(e, q), 72(e,q), - F,(e,q)) is called the membership function of 
multi Q- fuzzy set No: and J,(e,q) + 7,(e,q) + + F,(e,q) < 1,k is called the 
dimension of No- The set of all multi Q- fuzzy sets of dimension k in € and Q is 


denoted by M* Q@(E€). 


Definition 7 [20] (@g.N) is a QNSES over €, where @g is the mapping @g:N = 
QNSES such that QNSES is the set of all QNSES over &. 


Definition 8 [24] A neutrosophic set § in a universe of discourse €&,, where §:€, = 
[0,1] a function, is an effective set. E, is a set of effective parameters that can change 


membership and it’s written in the following way; 
5 = {< a, (Js (@), Js (4), Fg (@)) >: @ € Ey} 


Definition 9 [26] Let € be an initial universe, € be a set of all parameters, €, bea set 


of effective parameters, 5 be a effective set over €, and P(€) represent the power set 
of €. In this case (N,E,)5 is called on effective neutrosophic soft expert set over E, 


where N is mapping represented by N: €, + P(E) and it may be expressed as a 


collection of ordered pairs; 
(N, é;). = {(e < £jFi(x;) 8 Fx(x,) (Gs Fixx, (Ss >) 7; = &,X; = c} 


and Fix(x;) (Gs : Fifa; Cs Fite, (ds membership values for ¥ a € € is calculated 
as 
(1- Fi(x;) (6) )E Ts. (Gd 
\p =Y qt —— 7g 1 f Figg) (@) € 0.1) 
Fix, (Gj), O-W 


Fix(a;) 
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Fii( xj) (Ej) 2 Js, (4x) 
Fix) (5) — a if Faq, (G) € (0.1) 


Fer. (e)s = 
N(x;) "976 Tr(a, (@) ow 

ey eee eee 
F(x) (s = | dai d| ‘ — 


Fx(n,)(G)»  O-W 


3. Effective Q- Neutrosophic Soft Expert Sets 


We will now propose the definition of effective Q-neutrosophic soft expert sets 
EQNSES, and propose some of its properties. Throughout the discussion, € is the 


initial universe, €is the set of parameters, Q be a set of supply, & is the set of effective 
parameters, X is the set of experts, and 0 = {agree = 1,disagree = 0} a set of 


suggestions. Let A © Z where Z= exXxO. 


Definition 10 (,,A) is a QNSES over € , where No is the mapping No :A> 
QNSES such that QNSES is the set of all QNSES over € . 


Definition 11 Let € be an initial universe, (N,,4) is a QNSES over &. € be a set of 


all parameters € be a set of all parameters, €, be a set of effective parameters, 5 be a 


effective set over €&, and P(E) represent the power set of €, X is the set of experts. 
In this case (N,€,)5 is called on effective q-neutrosophic soft expert set over &, 


where N is mapping represented by N: &, + P(E) and it 
(N. &,), = {( Ge, 1).= (ep kd Tig (irk), Fee, %e ki). Fie) kj). >): xj E€, 8; E ED; EX 
(c P,.0).< (eK). Tipe, (eikj), Type, (enk;), Fiz) (eek;), >) 1x; E£,e,Fep;€ x} 


ANA TRp;) Ck) s » Fix) Ge ks Figx;)@ 5 m embership values for VaEé is 


calculated as ; 
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— Fra, (evs) )B Ts, (ag) 
Tig) (¢;.4j), = TRigfx,) Ce) + i! ali if Tz = (¢;k;) € (0.1) 
Fio(e;) (e;. kj). O.W 
Fig (x;) (e;, kj) dns Xj (a,) 
faite = ten i) — a, f Fig(xy @e es) € 1) 
Tiig(aj) kids =f : a 
Rela) EK) 0 
Fro(=) (¢;,k;) LaFs, ; (ax) | 
Frig (xj) Ge ¥i a = Frig(xj) (@. kj) - — [f° if Fio(x;) (@;.k;) = (0,1) 
a No(x;) (e;.k;) ’ OW 


Example 1 Suppose a customer who wants to build a new house wants to get 
feedback from several experts. Let € = {e,,e,} be the set of houses, @ = {k,, kz} be 
the set of construction companies, € = {2x,,x,} be the set of decision parameters and 
the set of effective parameters is represented by 6 ={I,, l,}. Let ¥ = {p,,p,} be the 
set of experts. Assume that; 
i _ & fy } z f ={ & fy } 
5'(e1 ky Pa) lacacae anna , 8 (er ka Pi) (0.1,0.6,0.4) ’ (0.5,0.8,0.4))’ 
3 =. .)=}—2 _ & | 
8 (41> P2) = ae 0.1,0.5)" miaem a 5*(¢, ke P2) ae eee 


_ 4 #4. & _ _ & 
5° (e,,ky, Py) = fa 1)’ wateny 5°(e,,k 1 P2) = tasshaoy tsa} 
rt 


5’ (e2,ky Py) = {asasan’ santana 5°(€2, ky» P2) = {eaexeny’ * (0.7,0.8,0.1) 


Let N be the neutrosophic expert set (QNSES) defined as follows: 


Wig (xa> Pao 1) = 4( —Ceara?__ Ears) _—_(Carkea)__(@arlea) 
iin 0.3,0.6,0.3 '0.6,0.1,0.9' 0.7,0.2,08'0.6,0.5,0.7 


No(X:>P2 1) = _Cvky) (@pk2)  (€xki) (aka) 
<a 0.8,0.5,0.3 '0.1,0.4,0.6’ 0.6,0.3,0.7’ 0.3,0.3,0.3 
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N j 1) = = (e,, ky) (e,, k,) (e,,k 1) (e2, k) 
q\*aPy 0.7,0.5,0.8' 0.3,0.1,0.4’ 0.6,0.6,0.3' 0.6,0.4,0.5 


Roear.t) = {(See. of ete 2) ie ve, (ez, 38 5) 


( (e,,k,) (e,,kz) (e2,k,) (e,,k) ) 


N . ,0 —_ 
No (P10) = (See 0.5,0.3,0.6 '0.4,0.3,0.3 '0.1,0.6,0.8 


N (x 0) =4| Ck) v) _(vk2) (aki) (kz) 
en Fe 0.9,0.1,0.5 ' 0.4,0.5,0.7’ 0.7,0.5,0.5' 0.6,0.7,0.8 


ae (ey ky) (epkz) (e2ky) (ez, kz) 
Ng (*2P1,0) = {(; 01 reir 03,0. ar 7’03 = =r 0.2,0.2 2) 


(e,,k,) (e,,k2) (e3,ky) (e,,k) 
Rg(rars.0) = {(SCere, 0.7,0.1,0.4'0.8,0.4,0.9’ ee) 


Then by applying Definition 11 we get, 


No(xp Pr 1g 
a 0 
<03+[(1—03)°3F°* 96 — [06°24] 03 — [0324594] 5° 

7) 
<06 +[(1—06)9* 4] 0.1 — [019494] 0.9 — [oo%# $94 > 
2,2 0 
<07+ fe —0.7) 0454) ,02 = o2 e605) 0.8 — [os = + — > 
(e,,k2) 
<06 +|(1—-06) 5 sl a 05— [os a ,0.7—|0.7 = - a > 


= (e,,k,) (e,,k2) (e2,k,) (e2,k3) 
< 0.6,0.2,0.3 > < 0.8,0.0,0.8 > < 0.8,0.1,0.7 > < 0.8,0.4,0.6 > 


Similarly, when the calculations are continued, the effective Q-neutrosophic soft 


exper set is found as follows; 
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a2 -_ (e,, k,) (e,, ky) (e2,k,) (e,, ky) 
No(x,p .1} SS ae ae to oo ee a FS a a oe ea oe a 
7 “8 §©<09,02,02> <04,01,04> <07,01,04> <05,02,02> 
= _ (e,,k,) (e,,k) (ez, k,) (e,k) 
Ng(x2,p,,1) ee a a 
M*é <08,02,06> <06,0.0,03 > <08,03,02> <08,03,04> 
= _ (e,,k,) (e,,k) (ez,k,) (e,kz) 
No(x2p »1} re, a a ep 
"6 =6<0.7,02,02> <08,02,03 > <06,01,04> <0.7,0.2,02 > 
_ _ (e,, ky) (s,, k,) (e,,k,) (a, k,) 
No(x,,7,,0) . nh a Ae © ane ae aoe. | a a Renee Sa ae 
“6 <08,0.1,0.2> <07,02,02> <06,02,01> <05,02,03> 
= _ (e,,k,) (e,,kz) (ez,k) (e2,k3) 
No(xpp ,0) ey, | | 
7 *6 <0.9,00,0.2> <06,0.2,03 > <08,02,02> <08,03,04> 
= = (e,,k,) (e,,k2) (e,, ky) (e2,kz) 
No(x2p ,0) "i a aT Ge ae ea ee ea ee a ee ee 
Me *é <05,01,02> <06,02,03 > <06,01,02> <0.6,0.1,03 > 
p. = (e,,k,) (e,,k) (e2,k,) (e,,kz) 
No(xap ,0) a a 
2 *6 <£0.9,02,01> <0.9,0.1,02> <09,02,05> <1.0,0.1,01> 


Definition 12 For two EQNSES (Ng-A) ; and (™, ¢), over &, (Ng) Pat called a 


effective Q-neutrosophic soft expert subset of (™, o), if 

iBCA, 

ii. Nio(b) is neutrosophic soft expert subset Ng(£), for all b € B. 

Definition 13 Two EQNSES (No.4), and (™, o), over € are equal if (Ng). is 


a EQNSES subset of (1.8). and (98), is a EQNSES subset of (Ng,A).. 


Definition 14 Agree-EQNSES (R,.4), 1 over € is a EQNSES subset of (No.4), 


defined as 
(No.4), a= {ig (~)s: wee xXX {1}. 


Example 3 Using our previous Example 1, the agree-EQNSES (No.4). * over & is 


(%_.4),*= 
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(e,,k,) (e,,k2) (e2,k,) (e2,k3) 


(x,,P. 1)3,.—_—_—_———__ , = 
<= 0.6,0.2,0.3 > < 0.8,0.0,0.8 > < 0.8,0.1,0.7 > < 0.8,04,0.6 > 


(x 1) (e,,k,) (e,,k2) (e,,k,) (e,,kz) 
weP yp Se < 0.9,0.2,0.2 > '<04,0.1,0.4 >'<0.7,0.1,04 >'<05,02,02>'’ 


(x 1) (e,,k,) (e,,k) (e,,k,) (e,, k,) 
wPy ls < 0.8, 0.2,0.6 > "< 0.6,0.0,0.33 > '< 08,03,02>'<08,03,04>’ 


(x 1) (e;,ky) (e;, k3) (e2, k re) (e2, kz) 
2P2 a < 0.7,0.2,0.2 > ’< 0.8,02,03 > '< 0.6,0.1,04> ’< 0.7,02,02> 


Definition 15 A disagree-EQNSES (Ng.4) “over E is a EQNSES subset of (Ng,A) . 


defined as 


(Ng-A),” = {Ng (o)y:E € XX x {0}}. 


= 0 
Example 4 Using our previous Example 1, the disagree- EQNSES (No.4), over € 


is 


(No, 4), 7 


(xpp,.0) Cera) (eves) Cash) (area) 
vPy "Js" < 08,01,02 > '<07,02,02 >'<06,02,01>'<05,02,03>' 


(e yk a) (e,,k2) (e2, k 7) (e2, k2) 


x. UW ,0 ee oe ee rae 
= 09,00,02> <0, : > < 08, 22> <0.8,0.3,04 > 
( uP ) 0.9, 0.0, 0.2 0.6,0.2,0.3 0.8, 0.2, 0.2 0.8,0.3,0.4 


(e,,k,) (e,, k,) (ez,k,) (e, kz) 


(06), ; a, 
§<05,01,02> <06,02,03> <06,01,02> <06,01,03> 


(x 0) (e;, ky) (e,, kz) (e>, k) (e>, kz) 
2Par "13" < 0.9,0.2,0.1 > '<0.9,01,0.2 > '<0.9,02,05> '<10,0.1,01> 


Definition 16 The complement of a EQNSES (No.4), is 


(No.4) = (B.,na), 
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= (c) 
such that Ng ° i 74 > EQNSE(E) a mapping 


~ fc) _ 
Ng («)s= o—_ = Fitg(adg ig, = 1— Figg Figar”, = Figos} 
ona e,e oe : 
for each oc€ e. It is clear that it is ((Ro.4), ) = (N,.4). 


Example 5 Using our previous Example 1, the complement of the EQNSES No 


= {c) 
denoted by Ng ; given as follows: 
(Roz) = 


(ey, ky) (e,,k2) (e2,k,) (e,,kz) 


{ups De =93,08,06> <08,1008> <070508><060608>" 


( 1) (e;,k,) (e;,k) (e, ky) (e5, kz) 
a a’ < 0.2,0.8,0.9 > "< 0.4,0.9,04>'< 04,0.9,0.7>'<02,08,05>" 


(x 1) (e,, ky) (e,,kz) (ez,k,) (e2,k3) 
—T pa] , ’ ae ae a ae a , aS ae eee eS Se v 
Saas af < 0.6,0.8,0.8 > <03,10,06> <02,0.7,08> <04,0.7,08> 


(e,,k,) (e,, k,) (e, k 1) (e2, kz) } 


x. . 1) 1 ee ‘ks: nama. © 
> ( aP, ), <02,08,0.7> <0.3,08,08> <04,09,06> <0.2,08,0.7 > 


Definition 17 The union of two EQNSES (Ng) , and (~, v), over € , denoted 
by 

(oA), sas (1.8), 
is the EQNSES (Hg,C )s such that C=AUB and the memberships of truth, 
indeterminacy and falsity of (HQ. c) gare respectively as follows: Fy =) (eR; ds 


Tr, gfx) (es k;). if ne Ny, —wN 


Tapia (%-8;), = 
Q 1/5 
sai (Zing (n) (€ kj). TN, fn) (e;, k;) ,) if nENNN, 
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Ing (ni) (€nk;). if ne N— Ny 

Trig (x) (e,. ki). ={ In, om) (ek), if n€N,—N 
= (3x (e, kj). Jn, gn) (e;,k;) . ) if neNn Ny 
Fg (ny Ep kj). if nEN—-N, 
F(x) («. i), = Fx, g(n) (€nk;), if n€N,—N 


min (Fg cn Cokj) ,-F mgim Ce k),) if nENnN, 


Example 6 Suppose that (Ng,4) , and (™, v), are two EQNSES over &, such that 


— (e,, k,) (e,, k,) (e,, ky) (a, k,) 
(Ng-A), = }|@uP,0) | 0.8,0.2,0.4'0.7,03,0.5 '03,0.6,0.2'03,02,04 


(e,,ky) (e,,k2) (e2, ky) (e, kz) 
(xpP, 0), ee eee Ne es a es 
0.4,0.2,0.8 0.3,0.6,0.2 0.8,0.2,0.5 0.1,0.2,0.8 


= (eyky)  (epkz) (ek) — (ez,kz) 
("98 i ~ {|v 0) (ee es ae eh 


(e,, k,) (e,, k,) (e,, k,) (e,, k,) 
(xP, 1), | eS a ae 
0.6,0.8,0.4 0.7,0.4,0.9 0.3,0.2,0.9 0.5,0.6,0.7 


Then (Ng,A), 0 (N, 7), = (H.C), where 


i (e,, ky) (e,, k,) (e,, k,) (e,, kz) 
(Ho, c), 7 {| oe. ), (ea 0.7,0.3,0.5' 0.5,0.3,0.2 ' 0.3,0.2,0.4 


(x>,p, 0), vk) (wks) (aks) _ (aka) 
2rP+"?\ 0.4,0.2,08' 0.3,0.6,0.2’0.8,0.2,0.5'0.1,02,08 


(xs,p.1), (Cert Guha) (aes) _(@ar a) 
2Ps“”"\ 0.6,08,04' 0.7,0.4,0.9' 0.3,0.2,0.9'05,0.6,0.7 


Proposition 2 If (q-A),»(¥ o), and (Hg,C i are three EQNSES over €, then 
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i. (4), (™ 7), )© (H.C), = (Wg,4) © (my 7), G(H,,C), ). 

ii. (Ng.A) , (Ng.A), © (Ng,4),. 

Definition 18 Suppose (Ng,4). and (W198) are two EQNSES over the common 
universe € . The intersection of (NgA), and (Ny, o), is 


(Ng-A),, A (wy, 7), = (Ky.C). such that C = AMB and the memberships of truth, 


indeterminacy and falsity of (KC), are: 


Trigin) (e,,k;) s if nEN— N, 
al Th, 9 nk; if nE€N,;—N 
Trgin) (e,. k;) : MN, ginp) (e; i) s if 1 
min (Festus (€n kj). Ty, o(np) (e, kj). ) if ne N n Ny 
Ing (nd (€,k;) 5 if nEN—N, 
={ Img (nk; if nE€N,—N 
= (Fxec (nk), Ix, om) (Cnk;), ) if nENNN, 
Fug (n) (e»kj) . if nEN—N, 
_ F i e,, k; i ne N. aa N 
Fron) (%-%;), = ™, gin) nk), f : 


max (Frgin (vk), -Fuoim@ok),) if nENNN, 


Example 7 Suppose that (Ny), and (, ¢), are two EQNSES over &, such that 


7 (ek)  (e,ky) 
(Ng-A),, = {| p, 1), (ee ees) 


(e,,k,) (e2,k,) 
le p, 1), (eae. ere 


(e,,k,) (e,,k,) 
le. p,0), (seutee. srcea) I} 


_ (e,, k 1) (e2, k v 
(w igeB ), a {|e vP, 1), (sexe "0.7,0.3,0.2 
Then (NgA), A(,,.8) =(KgC), where 
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_ (ey, ky) = (€,ky) 
(Kec), ={[er.0.(SS52 59) 


Proposition 3 If (Nq,4),, (a, ¢), and (K€ ),are three EQNSES over €, the 


following properties hold true. 

i. ((Wq.4), A(N, v®), ) A(xe.€), = (eA), (a 7), A(Ky,C),) 

ii. (NgA), A(Wg,A), S (Ng)... 

Proposition 4 If If (No.4). .(, v), and (K9,C) are three EQNSES over &, then 

i. 

((vq-4), 0 ("1 o’8),) A(Kq.C), = ((Nq4), A(Ko,€),) © ((™, y’), A(K,,C),) 
ii 


((wq-4), A(a, y), ) O(c), = ((We,4),O (Ke€),) A ((M» B) G(K,,C),) 
Definition 19 If (Nq,4), and (™, ¢), are two EQNSES over &, then 

"(Ng.A), AND(N, *)." is 

(NA), A (My v), = (Hg,AXB), 


such that Hg(a,6) = Ng(a) NN, . (8) and memberships of truth, indeterminacy, 


and falsity of of (Hg, A x B). are as follows: 
Tug(ap)(@nP;), = min (Tira (Cok), Te, gia (Cvk;),, 
Trig (ap) (En P;) = max (Bug ao (Cok), In, (@) Cnk;), ), 
F, Ho(a.f) (€, P;) 7 = max (= Nola) (e,,k;) 5 x, gif) (e,,k;) 5 ) 


where Va € A, VB € B. 
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Example 8 Suppose that (Ng.A) - and (wy, y), are two EQNSES over &, such that 


(e rk ) (e,,k) (e ky) (e5,k3) 
(We-A), = {loco 1). (sae 04,01,03'0604,07" eet) 


_ (ey ky) (epk) (enk) (ek) 
(69-8), = {| m1), (seat ’0.1,0.9,08' 0.1,04,03" RT| 


ei 0) (e,,k,) (e,,k2) (e,,k,)  (e5,k) 
2G """\ 0.4,0.4,0.9' 03,0.1,0.7'08,04,0.3'0.7,03,02)|\" 


Then (Ng.4), (a, v), = (Hg,A XB). where 


= (e,,k,) (e,,k2) (e2,k,) (e2,k,) 
(HgAXB),= {|e uP» 1), (pp, 1), (Sane "0.1,0.9,0.8' 0.1,0.4,0.7' el 


(ey,ky) (eyk) (€y,k) (2, ka) 
fe P. 1). (24.0), (se ,0.9'0.3,0.1,0.7 '0.6,0.4,0.7 eS) 


Definition 20 If (9,4), and (W, v), are two EQNSES over &, then "(Ng,4), OR 
(™, v), "is 
(vq4), v (My o), = (Kq,AxB), 


such that Kg(@,8) = Ng(a)U Ny, oP) and the memberships of truth, indeterminacy, 


and falsity of (Kg,A X B),. are as follows: 
Trp (a.p) (ej), = max (Fig (a) (xj), In, o¢@) Cnk;), ), 
Jap ag) (%;), = min (Ino (ay (»k;), In, g(a) Cj), ) 
Firg(ap) (4), = min (Frgca) Cok)), Fr, (ok), ) 
where Va € A, VB € B. 


Example 9 Suppose that (Ng) , and (™, y), are two EQNSES over &, such that 
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(e,,k,) (e;,k2) (e2,k,) (e3,k2) 
(Ng) = (=P, 1), [SS a Sea Sa 
& 0.4,0.2,0.6 0.3,0.2,0.7 0.5,0.8,04 0.3,0.1,0.1 


(w B) = t 1) (e,k,) (e,,k,) (e,,k,) (e,,k,) 
ig’ ds cal 0.7,0.4,0.8' 0.5,0.4,0.6' 0.6,0.7,0.1' 0.2,0.2,0.8)|' 


la, 0,( (e, ky) (epk:) (enk,) (en,kz) )} 


0.6,0.4,0.3 '0.2,0.5,0.4’ 0.3,0.7,0.8’ 0.9,0.1,0.2 
Then (Ng.4), v (Ny ¢), = (Kg, XB) where 


(e,k;) (€pk,) (€nk) (en) 
x, »A xB = v] me | ‘d i] | Ss ee ay , 
( s {le vP.1), ap, 1) (see 0.5,0.2,0.6' 0.6,0.7,0.1' 03,0.1,01 


(x,,p.1),(x_,p,0),( ot rhe) (nen) _(Cn te) 
eee 2S N0$,0.2,0.3'03,0.2,0.4'0.5,0.7,0.4'0.9,0.1,0.1 


Proposition 5 If (Ng,A) and (™..-8), are EQNSES over &, then 
i.((Ng.A), (1.8), y ~ (Wo,4),V (M98), 
ii((Ng.A), V(Nig-B) J = (eA), (1.8). ° 


4, An Application of EQNSES 


We will now present an application of EQNSES theory to illustrate that this concept 
can be successfully applied to decision-making problems with uncertain 
information. The following algorithm is suggested to solve a effective Q- 
neutrosophic soft expert based decision making problem below. 


Assume that a book selection will be made for mathematics students. There are 
three alternatives € = {e,,e,,e;}, with two types of qualifications Q= {k,,k,} and 
there are two parameters € = {x,,x,} with x, (i= 1,2) standing for “price range” 
and “reviews” respectively and the set of effective parameters is represented by 6 
={l, = “popularity”, l, = “writing style" }. Suppose X = {p,.p,} is the set of two 
expert faculty members will decide which book to choose. After long discussions, 
the experts construct the QNSES below. 
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—_— ee. —_. 
5*(e,)kyP1) = force 7,04)" (0.3,0. STE 6° (€1 0k P1) = {aaatan’ aaasao} 


—. —_. sae 
5°(¢1.ky,P2) = Pereren 1)” ‘mucr 5*(€, ka P2) = faectan’ err e 


L j { ng { 
5°(e2,ky Py) = {maatan mansany 5°(¢2, ky-P2) = Perr Terr, 


iy 
8” (€2,k Py) = {aatben’ aaesany 4 *(€2+k2»P2) = {aaasan 7)" ‘matant 


— a —S _- _& 
5°(e3,kz,P2) = {eaase 7)” (0.2,0.6,0: mE 5 (e5.ky-P1) = rere Sore 


11 ly Ty 
5" (3 kyP2) = fa. ” (0.1,0.5,0 =} 6" (e3,ka Py) = {+ _. matical 


(Nq.Z) 
(e,,k,) (e,,k2) (e2,k,) (ez,kz) (e3,k,) (e3,k) 


= , ee I '‘lLoemam ame? , , r F : 
{ fe es ) (See 0.7,0.3,0.7 0.5,0.4,0.6 0.5,0.3,0.2 0.5,0.2,0.2 re] 


(e 1 k,) (e,, k,) (e,, k,) (e,,k) (e;, k ) (e;, kz) 
(xp P, , 1), ' ’ : ’ ’ F F ’ 
0.3,0.5,0.1 0.4,0.3,0.7 0.5,0.4,0.4 0.3,0.1,0.4 0.5,04,02 0.2,0.1,08 


(e,, k a) (e,, k,) (e,, k 1) (e,, k,) (e;, k ) (e,;, k) 
(xz p,»1), . f : , ; Fr j Fi .; tl 
0.6,0.7,0.2 0.9,0.3,0.5 0.7,0.4,0.3 0.3,0.3,0.6 0.7,0.1,0.5 0.3,0.5,0.8 


(e,,k,) (e,,k2) (e,,k,) (e,,k3) (e3,k,) (e3,k3) 


. oi 7 Sea ’ , ri r , 
le. Pa ) (Se 0.9,0.3,0.5 0.7,0.2,0.6 0.3,0.1,0.9 0.5,0.4,0.3 sie) 


(e 1 ky) (e,, kz) (e2, ky) (e2, kz) (e3, k ) (e3, kz) 
(x,,p,,0), N2NEN@ D1 NSNA NADIOT DANEDS DADEDE? ; 2 
0.3,0.5,0.8 0.1,0.8,0.4 0.4,0.1,0.7 0.3,0.5,0.8 04,0.5,0.6 0.7,0.4,0.3 


(x. 0) vk) (e1, kz) (e,, k 1) (e ‘a0 k,) (e, 1K } (e; : k,) 
qe Ps0V), 0.1,0.5,0.5 7 0.7,0.3,0.5 e 0.7,0.4,0.4 ’ 0 3,0.5,0. 4 ’ 05,0. 4,0.2 Y 0.2,0.1,0 5 , 


(e,, ky) (e,,k) (e,k,) (e,,k3) (e3,k,) (e3,k) 


. ,0 . a an ae a a ae Oa ee ot Oa a a a es a a ea a ee Z 
le. Py) (ene 0.7,0.5,0.4' 0.5,0.4,0.1' 0.5,0.3,0.4' 0.5,0.3,0.2 sass) 


( 0) (e 1 ky) (e,,k2) (e,, ky) (e,, k,) (e3, k v (e3, kz) 
FarPyh 0.3,0.5,0.6’ 0.7,0.3,0.7’ 0.5,0.2,0.6’ 0.5,0.3,0.20.5,0.4,0.2’ 0.2,0.3,0.5/|' 


Tables 1 presents the agree-EQNSES while Table 2 presents the disagree- 
EQNSES by using the mean of each EQNSES. 
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The following algorithm may be used to choose the most qualified candidate 


to fill the vacancy. 


. Input the QNSES (Ng,Z).- 


. Find the agree-EQNSES and disagree-EQNSES. 


5 
6. Compute the EQNSES (Ng,Z)5. 
7 
8 


. Calculate C; =2,(x,p); = 


9. Calculate Kj = r(x, p);; _ |r--F 


J 


. ok: 
10. Determine s; = = 


|r| 


Tt+F 


I+F 


for agree-EQNSES. 


for disagree-EQNSES. 


11. Determine r, for which s,, = maxs;. If there is has more than a one value of r, 


then the college can have alternative choices. 
Table 1: Agree- EQNSES 


ExQ | Cepky) (enka) |(enky) | Cenk) [Cenk | (enka) 
(xyp,.1) | (0.6,0.1,0.3) | (0.8,0.1,0.4) | (0.7,0.1,0.3) | (0.7,0.2,0.1) | (0.7,0.1,0.1) | (0.8,0.2,0.4) 
(xyP 1) | (0.8,0.3,0.1) | (0.8,0.2,0.4) | (0.8,0.2,0.2) | (0.8,0.1,0.2) | (0.8,0.2,0.1) | (0.7,0.1,0.4) 
(xyP,.1) | (0.8,0.5,0.1) | (1.0,0.2,0.3) | (0.9,0.3,0.2) | (0.7,0.2,0.3) | (0.9,0.1,0.3) | (0.7,0.3,0.4) 
(xz,P,,1) (0.5,0.3,0.2) | (0.9,0.2,0.2) | (0.8,0.1,0.2) | (0.5,0.0,0.3) | (0.7,0.1,0.1) | (0.5,0.2,0.2) 
c¢,=— 1.2 c¢,=—14 | ¢«,=15 c,— 1.6 c; — 2.2 c, — 0.6 
c= Llu vj 
Table 2: Disagree-EQNSES 

EXxQ (e,,k,) (e,,k) | (ez,ky) (e2,k) (e3,ky) (e3,k2) 
(xy,p,,1) (0.7,0.2,0.6) | (0.6,0.4,0.3) | (0.7,0.0,0.5) | (0.7,0.4,0.6) | (0.7,0.4,0.4) | (0.9,0.3,0.2) 
(xyP,.1) | (0.7,0.3,0.4) | (0.9,0.2,0.4) | (0.9,0.3,0.3) | (0.8,0.4,0.3) | (0.8,0.3,0.2) | (0.7,0.1,0.4) 
(xyp,,1) (0.9,0.4,0.4) | (1.0,0.4,0.2) | (0.9,0.3,0.1) | (0.9,0.2,0.2) | (0.9,0.2,0.1) | (1.0,0.2,0.2) 
(x,p,,1) (0.7,0.2,0.3) | (0.9,0.1,0.3) | (0.8,0.1,0.3) | (0.8,0.1,0.1) | (0.8,0.2,0.1) | (0.6,0.1,0.2) 
K; =) py | Ky = O05 | k,=10 | kg=14 | ky=14 | ke=16 | kg=14 

i 
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Table 3: s; = = es | for x, 


j Exo “ig k; c, —k; =a 
‘ 2 
2 (e,k,)  |14 1.0 0.4 0.2 
3 (ek) |15 i4 0.1 0.05 
4 (e,k,) | 16 14 0.2 0.1 
5 (e,k,) [22 16 0.6 0.3 
6 (e,k,) | 06 14 0.8 04 


2: 
From Tables 1 and 2 we are able to calculate the values of s; = oe as in Table 3. 
As can be seen, the maximum score is s,. = max5;=0.4 for (e€;,P,) . 


5. Conclusion 


We have introduced the concept of an effective Q -neutrosophic soft expert set along 
with its operations of equality, union, intersection, subset, OR, and AND. The 
application of this novel concept to a decision-making process is illustrated and 
compared to those in existing literature. It is shown that this proposed concept is 
more inclusive by considering the membership of falsity and indeterminacy, expert, 
neutrosophy and Q -fuzzy. Thus, the proposed approach is shown to be useful in 


handling realistic uncertain problems. 
6. Future Research Directions 


This study can be extended by using other type of neutrosophic decision-making 
approaches, including bipolar neutrosophic soft sets, interval valued neutrosophic 


soft sets. 
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Abstract 


In cases where conventional sets are insufficient in use in daily life, we use 
trapezoidal fuzzy multi sets to solve decision-making problems in many areas. 
Hence, The aim of this paper is to investigate how to solve a model selection 
problem with multi-criteria against poverty and hunger by using trapezoidal fuzzy 
multi numbers. For this, we introduce two aggregation methods called trapezoidal 
fuzzy multi generalized weighted Bonferroni arithmetic mean operator and 
trapezoidal fuzzy multi generalized weighted Bonferroni geometric mean operator. 
Later, we investigate their properties and some special cases. Moreover, we 
introduce a process to solve multi-criteria decision making problems with 
trapezoidal fuzzy multi numbers. Then, we apply introduced methods to a model 
selection problem against poverty and hunger. 

Keywords: fuzzy multi sets, trapezoidal fuzzy number, trapezoidal fuzzy multi numbers, 
generalized Bonferroni arithmetic mean, poverty, hunger 


1 Introduction 


In 1965, fuzzy set theory was proposed by Zadeh [40] as an extension of a classical 
concept of a set for ambiguous information. With the introduction of the theory, he 
offered a new way which makes decision-making process using fuzzy concepts of 
some information more useful. This methodology basically, a fuzzy set is a set that 
has no clearly known boundaries and can only contain elements only in some 
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degree i.e. elements can have a degree of membership determined by appropriate 
functions namely membership functions. These functions are used to determine the 
membership degree of each element in a fuzzy set. In time, a kind of fuzzy sets were 
introduced by Yager [38] which is called multi-fuzzy sets (fuzzy bags). The notion 
presents a new generalization of fuzzy sets. In addition, it gives complete 
information for some problems including situations in which each element has 
different membership values. Miyamoto [17] and Sebastian and Ramakrishnan [24, 
25] expanded and studied detailedly the Yager’s multi-sets and multi-fuzzy sets. 
Since some situations have multi possibility of same or different membership 
values, Ulucay et al. [29] developed trapezoidal fuzzy multi-numbers on real 
number set R. They are expansion of both multi-fuzzy sets and fuzzy numbers 
enabling the recurrent occurrences of any element. Later, many studies have been 
conducted by many scientists. Readers may find the studies about trapezoidal fuzzy 
multi-numbers application of fuzzy logic in different areas and in [1, 4, 8, 10, 11, 15, 
16, 18, 19, 20, 21, 22, 23, 28, 30, 42]. 

The Bonferroni mean (BM), firstly created by Bonferroni [3] is an aggregation 
technique which is useful to aggregate the crisp data. It can see the 
interrelationships among arguments, which plays an important role in multi- 
criteria decision-making problems.This is why Yager [39] presented a elaborated 
paper of BM and proposed some generalizations that extend it’s capability. Beliakov 
et al.[2] got the BM more enhanced by handling the interrelation of any three 
aggregated elements instead of any two. However, Xu and Yager [37] introduced 
that the elements are suitable to be aggregated by the BM and generalized BM can 
only take the forms of crisp numbers rather than any other kind of numbers, which 
limits the potential applications of the BM to more enhanced areas and applied the 
BM to intuitionistic fuzzy environment and proposed the intuitionistic fuzzy 
Bonferroni mean (IFBM) and the intuitionistic fuzzy weighted Bonferroni mean 
(IFWBM). Then, they applied the IFWBM to multi criteria decision making. 
Moreover, Xia et al. [34, 35] submitted a generalized weighted Bonferroni mean 
(GWBM), generalized intuitionistic fuzzy weighted Bonferroni mean (GIFWBM) 
and geometric Bonferroni means and discussed their applications in multi-criteria 
decision making. In 2021, Deli [6] extended Bonferroni mean operators to 
generalized trapezoidal hesitant fuzzy numbers and gave their application to 
decision-making problems. Kesen and Deli [15] introduced weighted Bonferroni 
harmonic mean operator on trapezoidal fuzzy multi-numbers in 2022. 

This article have six chapters. In second chapter, we give definition of some basic 
concepts such as fuzzy multi sets, trapezoidal fuzzy multi numbers, hamming 
distance and CRITIC (Criteria Importance Through Intercriteria Correlation) 
method etc. Then, we propose some properties and operations of fuzzy multi sets 
and trapezoidal fuzzy multi numbers. In third chapter, we introduce two 
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aggregation operators which are called trapezoidal fuzzy multi generalized 
weighted Bonferroni arithmetic mean and trapezoidal fuzzy multi generalized 
weighted Bonferroni geometric mean and we give their some properties. In the 
fourth chapter, we give an approach to multi-attribute group decision making 
problem and to see application to multi-attribute group decision making problems. 
At the end of the chapter a numerical example is given. In fifth chapter, we propose 
a comparison table to compare given methods with existing methods. 


1.1 Novelty 


This paper proposes two main novelties as follows: 

1. Mathematically, we developed generalized Bonferroni mean operators. In 
normal, Bonferroni mean operators only tackle with the conditions having 
correlations between any two aggregated elements, but not the conditions having 
connections among any three aggregated elements. This is a drawback of these 
operators. In order to solve this issue, generalized Bonferroni mean operators have 
been developed. Moreover, generalized Bonferroni mean operators have been 
extended to TFM-numbers. 

2. Politically, we developed two methods to select best model against poverty 
and hunger by considering all policies in the problem. In this aspect, we present a 
new perspective to select and build models for fighting against poverty and 
hunger. Therefore, these methods can be extended and utilised for more complex 
humanitarian problems. 


2 Preliminary 


In this section, we give some basic concepts of fuzzy set [40], fuzzy number [13] 
and fuzzy multi set [24], fuzzy Bonferroni aggregation operators, trapezoidal fuzzy 
multi numbers etc. For more, readers may look at Deli and Karaaslan [7], Deli [5], 
Torra [26], Torra and Narukawa [27], Wang et al.[31], Wei [32], Xia and Xu [33], Xu 
[36]. 


Definition 2.1 [40] Let X bea non-empty set. A fuzzy set F on X is defined as: 
F = {(x, M(x): XE X} 
where uw, : X [0,1] for xeX. 


Definition 2.2 [41] t-norms are monotonic, commutative and associative functions t with 
two valued mapping from [0,1]x[0,1] into [0,1] and satisfying following conditions: 
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1. (0,0) =0, tt, COD = tM, CD) = He, CD 

2. Tf my (x) Sm, (X) and py, (x) SH, (%), then ty (x), Hp, CD) Sty, %) He, CD) 
3. tly CX), My, OD) = Cy, 00; He, CO) 

4. tay (x), CC, CD, My, COD) = Cy, 00s He, JOD; He, CD) 


Definition 2.3 [41] s-norm are monotonic, commutative and associative functions t with 
two placed mapping from [0,1]x[0,1] into [0,1] and satisfying following conditions: 


1. s(1,1) = 1, s(u, (x), 0) = 8(0, uD) = My) 

2. if uw, (x) Sm, (0%) and my, (x) mM, , (x), then s(u, (x) H,, OD) S SCMy, 0s My, CD) 
3. SCM, (X)> My, (XD) = SCMp, 0) Hp, (2) 

4. S(ut, (x)SCMy, XD» My, OD) = S(Sp, Ds Hp, JOD: Hp, CD) 


t-norm and s-norm are related in a sense of logical duality. Typical dual pairs of 
non-parameterized t-norm and s -norm are complied below: 


1. Drastic product: 
minty, (x), Mp, (x)},  maxt{u, (x), Hy, DE =1 
tC, CX); Hr, (x)) = 40, otherwise 


2. Drastic sum: 
max{“, (x), 4,,()}, mintu, (x), Hp, CO} = 0 


s,( Hr, (x), Hr, (x)) =41, otherwise 


3. Bounded product: 
tu, (x), He. (x)) ra max{0, Hp, (x) a Ar, (x) -1} 


4. Bounded sum: 
5, (dy,(%). My, CD) = min L ty, (x)+ m4, 0} 


5. Einstein product: 
Hp, CD.ly, (%) 
2— [ey (OX) + Mp, 9) ~ My, CO-Hy, CD 


ts (dy, 09s My, 0) = 
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6. Einstein sum: 

My (X) + Ly (X) 
S,5(u4. (x), H,. (x) = —+—_—+—— 
ASG AiO ie) 


7. Algebraic product: 
ty, 0); Hy, CD) = Mp, O0-Hr, ) 


8. Algebraic sum: 
So (p(X), Mp, CD) = Hy, OD + Hp, OD — Me, CDM, OD 


9. Hamacher product: 
My DHy, CD 
az (x) + ao (x) = Ae, (X)-Mp, (x) 


tas (Ht, (Xs My, (0) = 


10. Hamacher sum: 
az (x) at Hp (x) ae 2M, (X)-My, (x) 


Sos (Ly, (x); Bes (x)) = 1— wu, (Xx). (X) 


11. Minumum: 
t(zy,, (x), Hy, CD) = mint, (2), My, COS 


12. Maximum: 
S, (Ly, (x), Me, (x)) = max{/,, (x), hal (x)} 
Definition 2.4 [24] Let X be anon-empty set. A multi-fuzzy set G on X is defined as; 
G = {(x, Ue (X), He (X), 0 ME (2X), XE X} 
where wi, : X [0,1] for all ie {1,2,..., p} and xeX. 


In the paper, I,,, I, and I, will be used instead of {1,2,...,m}, {1,2,...,n} and 
{1,2,...,P} respectively. 


Definition 2.5 [29] Let 7, €[0,1] and 6,6,6,6,¢€R such that 6 <6 <6 <6. Then, a 


generalized trapezoidal fuzzy number (GTF-number) T =((6,6,6.4)i,) 1s a special 
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fuzzy set on the real number set R. Its membership functions are defined as follows: 


(x-4)p (Q-G) G@SxK<e 
Ny 6. She 

Mr (x) = 
(4 -X)p (4-6) &<XS4G, 


0 otherwise 


Definition 2.6 [29] Let n, €[0,1] (ieI,) and 6,6,6,6,€R such that 6 <6 <6 <6. 
Then, a trapezoidal fuzzy multi-number (TFM-number) T = (6,65 €>€)3 po Mp oT) IS 


a special fuzzy multi-set on the real number set R.. Its membership functions are defined as 
follows: 


(x—6)n; (6 —-4) Gq Sx< € 
; n, 6& SX<E 
Uy (X) = = : ° 

(6337, EH e) “Ga xse, 


0 otherwise 


Note that the set of all TFM-number on R* will be denoted by U(R‘*). 


Definition 2.7 [29] Let T, = (66,654); My, My, 9-0 1) and 


T, = ((P,s Pas Pas Pai Mr, sr, Mr, ) be two TFM-numbers and y #0 be any real number. 
Then, 


1. T, OT, = (S(6s P,)s 8(Es Pr)s SCE» Ps)s SCs Pa))3 SM, +r, J» SC, Mr, )o---» Se Mr, )) 
((t(6P)), EP o)st(6P3)st(EP.))s CM, Mr, oC, Mr, ote »M7,)) (E> 0 P, > 0) 


_ | (ECG Pa)ot(GP3)st(EP2)st(E0.))5 tM, sr, ote, Mr, ste Me)? (E_ < 0, P, > 0) 
= 
((t(6P4)>t(EP3)s (Po) (QP), Mr, > tC, Mr, ote ME) (Eq <0 Py <0) 


1 


8. T= (1631656, VE)s1— (1-9, 1-1-9 Y's 1-7 2 0) 
4 TT! (566.6) iG) sey ola =O) 
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Definition 2.8 [15] Let T, = (63,6564); Mr, Thy, 9-3 Mr) ; 
T, = ((P,s Pas Pas Padi Mr, sr, 9 Mr, ) be two TFM-numbers. The followings hold: 


L. Tf eG < Pyy & < Par & < Pay & < Py ANd Hy <M,» My, < Thy, yy My, <p, then T, <T, 


2. Tf & > Pir & > Par &> Pas > Pg, and My > 1,» Thr, > Mh, Me, > Me, then T, > T, 


3. If 6 = Py, & = Por G = Par G = Py, and Me, =, Mr, = Mp, 0 Nr, = 7, , then T, = T, 


Definition 2.9 [29] Let Ty = (65655659 &4)3 MM 9) ; 
T, = (Py: Pas Pas Pas Mr, »Mr, 3 Mr, ) be two TFM-numbers. Then, the Hamming distance 


between T, and T, is defined as follows: 


1 i i i i 
d(Z,,T,) = 5 DA +m, Ja — +m, YP 141 +m, Jee — +m, Pa | + 


i=1 


| (1+), Jes — (1+ 1, 31+] (1+ 17, Jeg — (1+ 1p, 4 1) 


Definition 2.10 [9] Let T =((6,6,66);MpsMpo-5%,) be a TFM-number. Value of T 
based on centroid point denoted by Val(T) is computed as: 


deff (T,) 
Val(T) = —+——_——_ 
P 
where 
7 (x-6 6); (4, (4-X)ar 
fx ae fone fo Ea dx 
deff (T.) = +. ieI,) 


2.1 TFM Bonferroni Means 


Here, we give two definitions called trapezoidal fuzzy multi Bonferroni arithmetic 
mean and trapezoidal fuzzy multi Bonferroni geometric mean which will be base of 
rest of the paper. 


Definition 2.11 [14] Let T, = ((6,2,,6,,7;);¢ Mp9.) (LEI) be a collection of TFM- 
numbers. For any p,q > 0, if 


177 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulugay, Abdullah Kargin &N. Merve Sahin 


1 ate 
TL? OF?) 
n.(n—1) ee 1) 


i#j 


TFMBAM ’? (T,,T,,...,T,,) = ( 


then TFMBAM °°” is called trapezoidal fuzzy multi Bonferroni arithmetic mean. 


Definition 2.12 [14] Let T, = ((6,2,,6,,7;);p Mp9.) (LEI) bea collection of TFM- 


numbers, v= (on eno g their weight vector, where v, indicates the importance degree 


of T,, satisfying v,>0 (ieI,), and )'v, =1. For any p,q>0, If 


i=1 


1 n : a 
n.(n—1) Bea )@(v,.T7))"**) 


then TFMBAM, is called trapezoidal fuzzy multi weighted Bonferroni mean. 


TFMBAM?(T,,T,,...T,) = ( 


Definition 2.13 [14] Let T, = ((6,0,,6,,7;)371..1,-0%) (LEI,) be a collection of TFM- 
numbers. For any p,q>0. If 


n 1 
TEMBGM  (F,Tyy.51,)=—— @(PT, QT)" (1) 
+ 


i, j=l 
i#j 


then, TFMBGM“’” is called trapezoidal fuzzy multi Bonferroni geometric mean 
operator. 

Considering the weight vector of the aggregated arguments, the weighted form is 
also proposed: 


Definition 2.14 [14] Let Let T, = ((6,0,,6,,7,);1 M50.) (ieI,) be a collection of 


TFM-numbers, v = (v,,05,.-.50, )’ their weight vector, where v, indicates the importance 


degree of T,, satisfying v, >0 (ie I,), and dv, =1. For any p,q>0, If 
i=1 
1 uy z 
TFMBGM\""(T,,T,,..T,) =——( ® (p.F" OqF,/) 
Pp 


i, j=1i4j 


then, TFMBGM‘"” is called trapezoidal fuzzy weighted Bonferroni geometric 


mean. 


2.2 CRITIC method for determining of weight of criteria 

CRITIC method which was firstly introduced by Diakoulaki et al. [12] helps to 
decision makers to determine the weight of each criteria by means of values in the 
decision matrix. 
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Let M ={M,,M.,,...,M,,} be set of alternatives, C = {c,,c,,...,c,} be set of attributes 
and x, be a values of M, alternative based on c, attribute. Then, algorithm of 
CRITIC method is given as; 

Algorithm: 

Step 1 Construct the decision matrix (x;,),,,, according to decision makers’ 


preferences as; 


11 12 ‘1x 
Xo Xo 2x 

(x; Mise = 
Xint Xmn2 Xin 


where x, (i¢J,, and j <I,,) represents the real numbers. 


Step 2 Find normalized decision matrix (xi )mn Of the decision matrix (Xi) men AS; 
Xu Xi an Xx 
= Xo Xoo Xz 
Ra 3 
m1 Xm? Xn 


where 


Xi rE. min{x,, } 
kel, 


, for benefit attribute 
max{X,,}— min{X,, } 
kel, kel, 


max{X,, } _ Xi 
kel E 
a for cost attribute 


ee es 
max{Xx,,}—min{x,} 
kel, kel, 


such that and jelI,. 


Step 3. Construct the relation-coefficient matrix (r,),,, of the normalized decision 


nxn 


matrix (Xi), aS; 


mxn 
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Ny Np Tin 

Ny Ny) Dn 
(Hae = 

Tn Ne Tan 


where 


yee - x, (Xx ~ X,) 


[Ee ~ 5) 0% KY 


such that j,k eI,.Here, x, and x, are arithmetic means of x, and X,,, respectively. 


Vix = 


Step 4. Find c, to get information from contrast and conflicts in jth criterion as; 


c, =o; 2 (1-1) 
k=1 


where 


and X, is arithmetic mean of xX, for j¢I,. 


Step 5. Compute weights, denoted by w, (j¢I,) , of jth criterion c, as; 


CG: 
w,=—~, (jel,) 


2.3 Generalized Bonferroni Means 
By taking the correlations of any three aggregated elements instead of any two, 
Beliakov et al. [2] defined the Bonferroni means. 


Definition 2.15 [2] Let p,q,r20 and F, (ie€I,) be acollection of nonnegative 


numbers. If 


1 
1 n oS, 
FPF ARP (2) 


GBM “+9 (F., F,,....F,) = (—————— 
ee n.(n—1).(n —2) irl 
i#jA 


then GBM ‘”"” is called a generalized Bonferroni mean (GBM). 
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Definition 2.16 [35] Let p,q,r20, F, (ieI,) be a collection of nonnegative numbers, 


D=(U,,0,,...,0,)' be the weight vector of F, such that v,>0 (ieI,) and dv, =1./f 


i=1 
7 1 
GWBM "'*)(F,, F,,..5F,)=( > 00,0, (FPF IF, (3) 
i,j,k=1 


then GWBM “’*”? is called a generalized weighed Bonferroni mean (GWBM). 


Note 2.17 [35] if v= (1/n,1/n,...,1/n)’ , then the GWBM converted a the following: 


RBM 9 (F., F, 0.5 F)= G > FP FIF; yer (4) 


i, j,k=1 
which is called the revised Bonferroni mean (RBM). 
Theorem 2.18 [35] Let p,q,r 20 and F, and G, (i€I,) be two collections of nonnegative 


numbers. GWBM has some properties as follows: 

1. GWBM “”*" (0, 0,...,0) = 0 

2. GWBM’*(F,F,..,F)=F if F,=F foralli. 

3. GWBM?'*?(F,, F,,..., F,) > GWBM '?'*(G,,G,,...,G,) Le, GWBM*"? is 
monotonic if 

F,=G, for alli. 

4. min{F,}<GWBM'?"?(F,, F,,...,F,) <max{F}. 


Remark 2.19 [35] We can get some special cases as the change of the parameters: 


1. If r=0, then the GWBM “’*” converted into the following: 


n sibs, 
GWBM"(F F,,..5F,) =( >. o00,(FPFA) 


i, j,k=1 


n n it. 
= Ooo (FP F)>v,)?" (5) 
i,j k=1 


= = (ee, Cae ae yPra 


which we call a weighted Bonferroni mean (WBM), 


2. If q=0 and r=0, then 
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n ue 
GWBM°(F., F,..,F,) = (>) 00 0,F?)? 


i,j,k=1 


= HF DY, Sp 6) 
= (SHR) 


which is the generalized weighted averaging operator ([39]). 


Definition 2.20 [35] Let p,q,r20, F, (ieI,) be a collection of nonnegative numbers, 


D=(U,,0,,...,0,)' be the weight vector of F, such that v,>0 (ieI,) and dv, =1./f 
i=1 
GWBGM '?'*? (E,, F,,...5F,) = a. ® (pF, qF, ®rF,) ae (7) 
pt+qtrijxea 
then GWBGM'?'*” is called a generalized weighted Bonferroni Geometric mean 


(GWBGM). 


Theorem 2.21 [35] Let p,q,r 20 and F, and G, (i€I,) be two collections of nonnegative 
numbers. GWBGM‘*"” has some properties as follows: 

1. GWBGM‘”*" (0, 0,...,0) = 0 

2. GWBGM*?(F,F,..,F)=F if FE, =F foralli. 

3. GWBGM °°”? (F,, F,,..., F,) > GWBGM ""” (G,,G,,...,G,) ie., GWBGM?*”? is 
monotonic if F, 2G, for alli. 

4. min{F,}<GWBGM'’*” (EF, F,,..., F,) <max{F}. 


In addition, we can get some special cases as the change of the parameters: 


1. If r=0 then GWBGM °":* converted into: 


1 
(pF, ®qF,)'"* 
= 


1 10) D4 
@ (pF,®qF,) * (8) 
pg 1 


1 dye 
= —— @ (PF, @qF,)°’ 


i,j=l 


GWBGM '?* (F., F,,...,F,) 


which is called a weighted Bonferroni geometric mean (WBGM). 


2. If q=r=0, then 
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GWBGM °° (EF. ,F,,..5F,) = 


DE eer (9) 


which is the usual geometric mean. 


The aggregation methods given above can only cope with the situations in which 
the elements are given as nonnegative numbers. If the arguments given in other 
forms such as the trapezoidal fuzzy multi numbers, the methods will be formed as 
follows: 


3 Generalized Weighted Bonferroni Mean of TFM- 


Numbers 

Both the TFMBAM ‘? and the TFMBGM ‘”” which are given in Definitions 2.12 
and 2.14 only tackle with the conditions in which there are correlations between any 
two aggregated elements, but not the conditions where there are connections among 
any three aggregated elements. In order to get rid of this drawback, motivated by 
Definition 2.16, we extended the generalized Bonferroni mean to trapezoidal fuzzy 
multi environment and proposed the following definition: 

Definition 3.1 Let F, =((6,/,,0,,7;); Te ; Mp 9 Np.) be a collection of TFM-numbers, 


D=(V,,0,,..,0,) their weight vector, where v, indicates the importance degree of F,, 


satisfying v, >0, (ieI,) and uv, =1. For any p,q,r > 0, If 
i=1 
1 


TFMGBAM \"""(F,, F,,..., F,) = (@ 00,0, (F? @F'@F))"""" ~~ (10) 


i, j,k=1 


then TFMGBAM‘?*"” is called trapezoidal fuzzy multi generalized weighted 


Bonferroni arithmetic mean. 


Remark 3.2 Let F. = (6, 2,,6,7;)3psMp0-0%.) (LEI,) be acollection of TEM-numbers, 


D=(V,,V,,..,0,) their weight vector, where v, indicates the importance degree of F,, 
satisfying v,>0, (iel,) and Sv, =1. By considering different values of p, q andr, 


i=1 


several specific cases of the TFMGBAM ‘”*" are obtained as follows: 
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1. Especially, if r +0, then the TFMGBAM ‘”*? converted into: 


n ae 
limT FMGBAM \?""?(F,, F,,...F,) =(@ vv,v,(F? @F"))?"4 


r>0 i,j,k=1 
1 


=(So@vy,(F’ @F)"* (11) 


= i, j=l 
n ae 
= (Qvv,(F? @F;))"" 
i, j=l 
which is called an trapezoidal fuzzy multi weighted Bonferroni mean (TFMBAM, ) 


which is given in Definition 2.12. 


2. Especially, if q->0 and r—0 then the TFMGBAM‘”*” converted into: 


n sh, 
lim(imTFMGBAM \""(F.,F,,...,F,)) = lim( @ vv ,v,(F? @ F?))?**) 
qa 


q>0 r->0 i, j,k=1 
1 


= ( S) v,v,0,F?)? 


i, j,k=1 (12) 
= (02). Bak’)? 
j=l k=l i=l 


n a 
= (QvF")? 
i=l 


which is the generalized trapezoidal fuzzy weighted mean. 


Based on the operational laws of TFM-numbers given in Definition 2.7, we can give 
the following theorem: 

In the following theorem, algebraic product and algebraic sum are used in 
computations. 


Theorem 3.3 Let F,=((650;,6%)3Mp Mp oN) (iEI,) be a collection of TFM- 
numbers and p,q,r > 0, then the aggregated value by using the TFMGBAM‘?*”? is also a 


TFM-number and computed as follows: 


184 


Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative 
Algorithmic Approaches 
in 1 
TFMGBAM {""(F.,F,,...,F,) =(@ v0,0,(F? @ F! @ Fi)" 


i,j,k=1 


=(A- T] G-(ereteny 9, 


i, j,k=1 


n 1 
(- TT G-Crofey ye, 


i, j,k=1 


(1- Ila- (Pag) Pe 


i,j,k=1 


n 1 
(- |] G-Ofrixy i? 


i, j,k=1 


U-U .U; 


(1— I1q- (7,.)° Cy (7,,.)" ype, 


i,j,k=1 
1 
ee, 


(1- Il (1-(75,)? tee, ea 


i,j,k=1 


yeeey 


U-U .U; 


(1— [k= (7)? (1, )" te, J" "ype 


i,j,k=1 


(13) 


Proof: To proof the Equation (13), we need to use mathematical induction on n. 


Firstly, by the operational rules given in Definition 2.7, we get that: 
bv /0,(F’ ® F1 ® F/) = (1-(1- area) Mm (1-(1- pP pty)", 
=e ofo7a,) d= Carty in) 7"): 
1 (1 (15, )? Cre)" I,J) ae 
1-1 (95) te, ME 


1-1 (76)? ne, (7g, YY 


1. When n= 2, we can get: 
2 
® Uv 0, (F? @ F @ F/) 2 U,D,0,(F? @F @F) 


i, j.k=1 
Qv,v,v,(F,’ © F" © F;) 
®v,v,0,(F” ®F! @ F) 
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Qv,v,v,(F, © F" © F") 

®vu,v,v,(F,’ © F,' @ F,) 

®v,v,0,(F," © F," @ F,) 

Ov,v,v,(F," © F;' @ F") 

Ov,v,v,(F,? © F;! @ F, ) 

=((1-(1-ePete’ 1, (1-(1- pP oto, 

(1-1-7557), 1- = rin))s 
100.) Ge Gaye: 
1— (1-75, )? 5) Ig) aes 
Le (1—(7;,)? (nm, FO) 

@(1-(1-e?aleg "== praia)", 
(GAdoroies) #3 Gay): 
1-(1- CE )? (7; 3 (7:., Wes 
1—(1=(75,)? 5)" te, Paes 
1-(1- (75)? ne, 1g, i a 

XU eieie =? Gp) aio, rs 
(AS67676) = Gerry); 
i= (7; y (7: ) (7; ees 
1—(1=(7975,)? (5, )° (eas 
(= (77)? (ne, MG) 71) 

@((1-(d-efete") 7", -- pee)? 
Ci ORO Bir Geel Clear carey eae 
1=02G@,. PC he) es 
OSG) i). ) gs 
tia Ol Ci ye CE GR ee) 

2 Gl Olas easier CEO leer cig )y 0) Nama 
G=G=076j0)) 20H 7) 22); 
Poa Gey Ge (nr, ters 
1—(1-(975,)? 5," eT aes 
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1-(1- (7h)? (ne, Ee) 
Medeor)? Cap pres 
(l=(1=07076,)?**,G=(-774ir) 
1—(1-(75,)? 9)", )") 2? 
1—(1- (75, )? 9, (ea 
1-(1-(n8, nb (nk YY?) 
Midge) 2? a0 pp), 
GaGae5o.0, rd ee oye 
1—(1- (75, )? Oe, "5,27 
1—(1- (795, )? 7p, Ig, 2h 
Ci (epee) lap pe), 
(=(1=07070,)? 7.0 (lays yey,) >) 
1—(1-(795,)? 4p, 85,2? 
1—(1- (75, )? Oe, (Ip, 2 ss 
1—(1-(795,)? (15, )" 7p, 7?) 


1 


2 
=((1- [|] d-(ePefey yer, 
i,j,k=1 
bs VU:0 .U; = 
(Q- | [ G-@Pejep yr, 
ij,k=1 
2 Bias nal 
a [] a-raray" ye, 
ij.k=1 
2 U;U -U; a 
Q-]][d-o777,) yr"; 
i,j,k=1 
2. 
1- T] G-@)"' GH YOY 
i,j,k=1 
2 
1 T] 0-2) Ge 
i, j,k=1 
2 
1- T] -@iy° a ay) 
i,j,k=1 


So, when n= 2, the Equation (13) is right. 


187 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve Sahin 


2. Suppose when n =t, the Equation (13) is right, i.e 


ah. 
pt+qtr 


t 
TFMGBAM \?'*"?(F., F,,...,F,) = @ vv ,v,(F? ®@ Fi ® FO] 


i, j,k=1 


‘ 1 
=((1- |] G-(eP ete!) ey ee 
i, j,k=1 
1 


(1- ia C= pe): 


a FLa-eraan =, 

(1- Te (vPyiyg yt arr, (14) 
(1- 1c (1:,)° Me)" Me, yr, 

(1- Te (75,)° ne, EI) yr, 

(1- Ie (75,)° (ne, Oe, yk ype 


then, when n=t+1, we have 


1 
t+1 pee mae 
UV, ( (FE? @ F; @F ) DU, ( (F? @Fi @F’ ) 
k 
i pkel i,j,k=1 
oe 
+q+r 
o[ ee PralE? OF nan} 
9f eso %4(F @F'® Fi) 
jel 
= 
3 pt+q+r 
i [beat (Fi, FL OF ) (15) 
k=1 


1 


t pt+qt+r 
9[ bow 2.8? @ F; oF !)| 
i, j=1 

1 


ae 
of due v; UW, CF? ® Fi, @F; " 
i,k=1 
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1 
t ptqtr 
al DY, Y% (Fan er} ® FO) 
jyk=1 

1 


t ptqt+r 
a (Sp) Dig g@ig Fas ® Be ® Fi) 


i,j,k=1 
by Definition 3.1 and operational laws in Definition 2.7 we get following equalities; 


1 


1 
ees ; DME +qtr 
Coen @ Fi, @F!)] =((1-] Jd-@Pete yey, 
1 i=1 


i= 
1 


t 
os [Ia i Gores Hen alates yee 
i= 


1 


(i- []a- (676; 51 ,)) een ) Frees 
i=1 


ttt 


1 


cl NCC /e 2 a) tame eae (16) 
i=1 
: V.U. VU, a 
r\ i ttl t+1, nigar 
= [] (GG, PG, 
t 1 
7 \PiMe+t +1 Gegar 
CT] (GO, FP ae 
: v.U. VU, oa 
r\) Ett t+1, niger 
-[] (1-08, Mere) 
i=l 


1 
1 


; Pa : Med? M41) ptqtr 
[bevel @F; @F!)] 7 (d-] J[a-refe) ial es acca 
j=l 


j=l 


t 1 
(-[[G-(iejeay) rye, 
jel 


1 


t 
(1- [Ja- (62,016,..)) t+1°j Baye eaee , 
jel 


1 


(1-[J-(2aiviy ee yee); (17) 
j=l 
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f Vv. Uv .-U, 1 
rp \ ttl yp tel Fane 
a-T](1-@y,, °°.) ae ace 
t Uv, UV. 1 
2. 3 2 ttl j t+ aur. 
C-T] (tO, a7", ae ee 
: Vv. v-U, 1 
yp \ ttl yp tel res 
a-T](-OF, ar "aR, lake as 


1 
1 


t pt+qtr t eres ae 
[ett (Fi, @ Fi, @F, ) (le []a- (Reug je re | 
k=1 


k=1 


t ait 
(- ate 7 (PiaPraPr )) eek yee 


k=1 
1 


t 
(1-] [d- (62,63, 57 yer, 
k=1 


t 1 
d=] [6-C yyy: (18) 
k=1 


1 


_ tt Pht \a Gal yr ett tHPk y pega 
(1 I(t IG, Yaa) er 


: 1 
pr \Pt41't+1"k Gy gar 
(i- (1-7? me, OF.) ee 
k-l 
: 1 
rp \Pt+tt41"k . Sagar 
afl, 8, nag 
k-l 
i 
Qvy v,(F @F°@F)| = ((A-T]a—(eretet, Pye 
Ppt’ i J t+1 i Sj t+ ; 
os i, j=1 
t 1 
(=[[G-@reiay yr, 
i, j=l 
: -ak 3 
(1-[ [a-(67525;, Pye, (19) 
i, j=1 
: UU U. 1 
ny t4+1 WILGCE. aa 
(-T] (1-074)? "GH, ’ jon 


i,jel 


a V.D.D wt be 
r\i t+1 ane 
(J ] (1-2 GY) 


nee t+1 
i, j=l 
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t 
[duvet @ Fi @F/) 


i,k=1 


J 


t 
DY, Y (Fn @F; @F,) 


jjk=1 


and 


1 


p+qtr 


1 


yr 


-J](1-Geyronk rae) ee) 


toon 
i, j=l 


ut 


t 
a (= []a- (6Petia yea ye 


i,k=1 


j 1 
d=||G-@raiey oe. 
i,k=1 
' 1 
(1- [Ja _ (6°54,6; yeh yer, 


i,k=1 


1 


(-] [G-@7 hyp) Oe); 


i,k=1 
U.D. 4U, i 
r\ itt+lk re 
a [T(r a, 8a) 
i,k=1 
1 
Pa cdl aeenner nes 
(-[] (1-72), ne) 
i,k=1 
: 1 
r PPK pager 
a-[T(-aryran vagy yee) 
i,k=1 
f 1 
a (1- [[G-@iee )) tH jk ye 
j.k=1 
2 
(1-[]G-C@hejepy ye 
j.k=1 
et 
(1- | [G-2,676))) ted Jek Yaa 
jsk=1 
: 1 
(= []Q-Gariry PP"); 
j.k=1 
Dey? Px 1 
pr) SEEK peger 
(QT ] (1-H) Per 
jsk=1 
U, 1? YK 1 
r) OT TK psger 
@- (1-7, YOR ) 7 yeeey 
jk=l1 J 
t : Dy VDE aT 
C= [I (tah Peak eny) 


jsk=1 


191 


yee 


“9 


(20) 


(21) 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve Sahin 


1 
1 
+q+ 
 ¢ @® Vig) sO. AFG @ Fi ® ma) = =(((Cl= Ul (1- (ee Cru ae 6.4) eee oo oe , 


i, j,k=1 i,j,k=1 
1 


t 
Ue IT (1— Cae 9) acca Par 


i, j,k=1 


lS 


(1- I] (1- (5?,61,6",))" t+1%t+1 eo) ale 


i,j,k=1 
t 1 
Li I] (1- Cary re ) peer ); (22) 
ig k=l 
wih yt 
= “ofyal Dic .1 q rp) tl t+ t+1 | py gtr 
(1 IL¢ (m%,,,)° (Me, MY ) yrraer 
Sree 
= _(n2 P (442 Dfor2 r\ tl elt], pigtr 
(1 IL (en, GY) os 
baci wpe 
r \ ttl t+lt+ rere 
aN CR Cs 
i, j,k=1 


by using Equations (14), (15), (16), (17), (18), (19), (20), (21) and (22), we have 


peelee 
p+q+r t+1 7 


[ Gee DY ( (FP OFIOR)) =((1- T] d-(@Pefey 2, 


i, j,k=1 i,j,k=1 


t+1 
U.0 VU 


(1— [] G-(Pefep)"’ Ire, 


i,j,k=1 


t+1 


(1— [] a-rezazyy hy, 


i,j,k=1 


t+1 
Vv. .U 


d-[[a-W@ Arye Pm (23) 


i,j,k=1 


t+1 


a- FT (aia any). 


i,j,k=1 


t+1 


aT] (-@ayron vagy)” rrr 


i,j,k=1 


t+ 1 


a-T] (-@nyrat yan) ye") 


i, j,k=1 


Thus, when n=t+1, Equation (23) is right. So, the Equation (13) is right for all n. 
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By operational laws in Definition 2.7 and the Equations (14), (15), (16), (17), (18), 
(19), (20), (21), (22) and (23), we get finally that: 


+q+r 


n P 
TFMGBAM '”*? (F., F,,...,F,) = v.v.0,(F,? @ F! @ F) 
D 192.2 n i~j~k i j k 
i, j,k=1 
n oe 
=((1- [] d-(’ete{)) es ace 
i, j,k=1 
a-[]a-( pitty, 
i,j,k=1 
n 1 
=F Gaffe or. 
i, j,k=1 
i 1 
(= [| G-Ofrivpy ts) ); 
i, j,k=1 
n UV UE od 
r\id +q+r 
a-T] (ara ayy Or, 
i,j,k=1 


d- [1 (ei teny) PP 


n 


a- TT (-etyrat any) 


i,j,k=1 


and proof is completed. 


In the following proposition, algebraic product and algebraic sum are used in 


computations. 
Proposition 3.4 Let Fes poe lV) Nesleovales and 


G, =(E56,0,.5,)36 Masse)  (iel,) be two collections of TFM-numbers. 


TFMGBAM ‘"*” also has the following properties: 
1. Ifall F. =F (ieI,) for alli, then 


TFMGBAM |?" (F., F,,.... F,) = TFMGBAM \°* (F, F,..., F) = F 


2. if F,>G, for alli, then TFMGBAM ‘?*” is monotonic that is, 


TFMGBAM |" (E,, F,,..., F,) 2 TFMGBAM |?'*"(G, ,G,,....G,) 


193 


Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve Sahin 


3. Let (F,F,,...,F,) be any permutation of (F,,F,,...,F,) and (0,,0,,...,0,) be 
weight vector of (F,, F,,..., F,). Then, 
TFMGBAM \""*"? (F., F,,...: F,) = TEMGBAM \?"” (F,, F,,..., F,) 


4, 
F- <TFMGBAM ?*”?(F., F,,...,F,) < F* 
where 
= © = maxte), max{p,}, max{o,}, max{y,});n smax{t,} max{7, 3, ~smax{)y, }) 
and 
BS = Smite mini}, noe mint7;}); min{’7;,}>m smin{;, mint; }) 
Proof 


1. Let F. =F (ie€I,) for alliand let F = ((e, 0,6, 7);n;,775-..,7p) - That is, , 
Pra 00, SO, YAY and te = Hey Ne = Ne pel, es 
TFMGBAM \?*"?(E,, F,,..., F,) = TFMGBAM '?*? (F, F,..., F) 


n p+q+tr 

-( @ vU0/0,(F? @ F4 or)| 
i,j,k=1 

n 1 

=((1- T] -(eretezyy yr, 


i, j,k=1 


- 1 
(1- |] G-(oP pfe.) °*)?, 
i, j,k=1 
1 


(- TL a-erarary yr, 


i, j,k=1 


n 1 
(= [[T4-Gy7 yey) 


i,j,k=1 


1 


a-T] (-aryratay yee, 
a-T] 0-cer aay Pr... 
a- T] t-@yratyany yee) 


i, j,k=1 
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1 


242] [say ye, 
i,j,k=1 
n 1 
(i- I] (i-p?*"") ij aa 
i,j,k=1 
n I 
(i- I] (1-6?) vj Da 
i,j,k=1 
n f 
(1- I] (l-y?"") vj eyes ); 


ijk=l 
n be. 
Geer) 
ijkel 
n sit 
(i- I] (1-(mz)P"" ee er 
ijk=l 
n aa 
(1- I] (1-(g)?"*"") iPiPk y pear y 
ijk=l 


= ((a-(1-e?***") », Pi? [Pk jee 


i, j,k=1 2 


a-(i-p" Pe =a 
(i-(1-P"" Parr Per, 
a-(1-yr) Pr) 
a(n) yr, 
ampere ae 
a-(1-tapyrr), yr) 


=(a-(t-er*" )P™, A-(1 ppm 


1 1 


(1-(1-5?**" ye (1-(1-e?"" pre: 
1 
(1- (1- (7) yee ) p+q+r 
1 


Gas GE) es 
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1 
(i=(1-(@y, yes) 
=((G POM e cee) 
=F 


2. Since F, 2G,, it is obvious that 


CP ED C0, 20 lie: (24) 


DoGet Sp AP GeY wap ag AF PFOFT SP SA STS OPAIQ! Pr Iyl > -P-d-l 
> GEG 2 EF EGE} Pj Pr = Si Sj 94201 Oj Ox ZF GY ViVi 2 55 S55 


i er a=G= phoja,) SIG erie 


S12 0-C eg)" 1G Serie) 


1D 7K 


1-(1-676465;) "1" <1-(1-070967)"" 1-G-yPyiy{)'!* <1-(1-oPois,) 


n 1 n 1 
=> (1- I] (1-erete?) Pa > (1- I] daeretey ee, 
i, j,k=1 i, j,k=1 
* rei [Pk a : rie [Pk ee 
(1- ] | G-p?efe) "y= d- JP] a-ereiep Pe", 
ij.k=1 i, j,k=1 
us U-U -U; : u v:0 UV. : 
(1- I] (1-5? 545{) ij sania > (1- I] (1-670'0,) ij ey Pee 
i, j,k=1 i,j,k=1 


1 n 
yPreyrar > 1 T] (1-sPo fey) 


i,j.k=1 


1 
U;Y WYK peter 


(1- | | d-y?yix, 


i,j,K=1 
On the other hand similarly we can write that 
Me, 2No,Me, 2G »Mr, 2 Ney 
By using operational laws of TFM-numbers: 


(7,)? Oe, )" te, J" 2 OIG, )? (6, IG, 


D-DD UD 6D 


=> (1-2)? (ae mR <= 098) (ng ne 
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1 1 


reap | (1- (nny CoE POE YY PP > TT = 08 8 ns ee 


i,j,k=1 i,j,k=1 


(25) 
If we consider Equations (24) and (25), we get that and complete the proof: 
TFMGBAM °°") (F., F,,..., F,) > TFMGBAM |" (G,,G,,....G,) 


3. Let (F,,F,,...,F,) be any permutation of (F,,F,,...,F,) and (0,,0,,....0,) be 
weight vector of (F, Bes F ) . Then, 


i,j,k=1 


n p+q+r 
TFMGBAM ""*")(F., F,,..., F,) = Q 00,0, (F’ OF! @F; ) 


-( @ 000, (F? OF! ef) 


i,j,k=1 


= TFMGBAM (°"? (F., F,,..., F,) 


4. From Proposition (3.4), 


TFMGBAM ?"")(F-,F,...,F ) = F> 


and 


and from Proposition (3.4) and Definition 2.8, 


TFMGBAM "9 (F-, F-,...,F )<TFMGBAM ?'"? (F., F,,..., F,) 


n 


and 


TFMGBAM |?" (F,, F,,...,F,) <TEFMGBAM ?'"? (F*, F*,...,F*) 


Therefore, 


F- <TFMGBAM ?”(F., F,,...,F,) < F* 


3.1 Generalized Weighted Bonferroni Geometric Mean of 
Trapezoidal Fuzzy Multi Numbers 


In this section, we introduce the generalized weighted Bonferroni geometric mean 
and based on that, we give the trapezoidal fuzzy multi generalized weighted 
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Bonferroni geometric mean. 


Definition 3.5 Let F,=((6,0,,6,.7%))i%p.Me.-0%.) (iel,) be a collection of TEM- 


numbers, D =(W,,0,,....0,) their weight vector, where v, indicates the importance degree 


of F,, satisfying v, > 0 (ieI,), and }‘v, =1. For any p,q,r > 0, If 
i=l 


1 7 D.D.D 
TFMGBGM\?“” (F,, F,,....F,) =————( ® (pF, @qF, ®rF,)'/*) (26) 
PT Qtl ijaqat 
then TFMGBGM‘"*”) is called a trapezoidal fuzzy multi weighted Bonferroni 


geometric mean operator. 


In the following theorem, algebraic product and algebraic sum are used in 
computations. 


Theorem 3.6 Let F,=((6,2,5637;))MeoMpo-9Np) (iel,) be a collection of TFM- 
numbers and p,q,r >0, then aggregated value by using the TFMGBGM‘?*” is also an 


TFM-number and computed as follows: 
TFMGBGM(""(F,, Fy,..F,) =———( @ (pF. © qF, @rF,)" 
D+Qtl ijk=t 


) 


=((1-(1 ite (1-4)’(l-6,)" ey] 2, 


i, j,k=1 


i-@=[[l-G-a)'G-p)ideayr yr, 


i, j,k=1 


n 1 
1 [ideo deere, 
i, j,k=1 
1 


1-(1- [] -d-y,)’Q-7,)"a-7) TP"); 


i,j,k=1 
“ —_ 
10> [Gam hOaa, Nag, Ye, 
i,j,k=1 
= 
1-(1- [[ O-G=-75,)? d= P= TP a 


i, j,k=1 
n 1 
ta [Gag Vag am, Ye) 
i, j,k=1 


(27) 


198 


Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative 
Algorithmic Approaches 


Proof: The theorem can be easily done similar to Theorem 3.3. 


Proposition 3.7 Let F. = (6, 0,.657,)3Ip sMe eee) and 
G, =(E560,55,)36 sMasesme)  (iel,) be two collections of TFM-numbers. 
TFMGBGM‘"* also has the following properties: 


1. Ifall F =F (ieI,) for alli, then 
TFMGBGM '?*? (F., F,,... F,) = F 
2. if F =G, for alli, then 
TFMGBGM \?'*") (EF, F,,..., F,) 2 TFMGBGM |?" (G,,G,,...,G,) 


3. Let (F,,F,,...,F,) be any permutation of (F,,F,,...,F,) and (0,,0,,....0,) be 
weight vector of (F,, F,,...,F,). Then, 


TFMGBGM |?" (F., F,,..., F,) = TEMGBGM |?" (F,, F,,..., F,) 


4. 
F- <TFMGBGM \?*? (F., F,,...,F,) < F* 
where 
F* =((max{6}, max{p,}, max{6,}, max{y;}); max{7; }, max{7;. },.... max{7;. }) 
{iel,,} {iel,,} {iel,} {iel,,} {iel,,} t {iel,,} E iel,} 7 
and 


F- = ((min{6}, min{p,}, min{6,}, min{y,}); min{7; }, min {77 },.... min{7;. }) 
iel,, {iel_ } ieI,} {ieI_ } iel,,} I {icI,} l {icl,} I 


Proof Items can be proven similar to Proposition 3.4. 


4 Application 

In this section, we give process to solve decision-making problems given under 
trapezoidal fuzzy-multi environment. Then, we give an application to show 
running of the process. 


Decision Making Process 


Step 1 Present a TFM decision matrix ((L ) for each group of the criteria, 


ij es 
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showing results of evaluation based upon the characteristic of the alternative 
M ={M,,M,,...,M,,} satisfying the attribute C ={c,,c,,...,c,} based on linguistic 


terms Table 2 as follows: 


L, Ly, L,, 

L,, L,, L,, 
(Li mn =| = + 

Lin Li, Li 


Step 2 Find a weight vector for each group of the criteria as follows: 


Substep 1 For each TFM decision matrix, construct a matrix ((x,)) consisting of real 


numbers by value of TFM-numbers obtain from defuzzification of each element of 


the decision matrix (L;;),,,, by using Definition 2.10 as follows: 


mxn 


Mi Xn ay 

Xp XQ 2x 
(x; Ve = 

Xml Xmn2 Xan 


Substep 2 Find the weights of criteria according to criteria in the decision-making 


problem and values in (D,),,,, matrix by using CRITIC method given in Subsection 


2.2: 


mxn 


D = (0,,0,,..050,) 
where )'v, =1. 
i=l 
Step 3 For all i (i¢I,,), find the aggregation values by using Equation (13) (or 


Equation (27)) according to first group of criteria, to get the performance value 
corresponding to the alternative M,, denoted by ,L,, (ie I,,) as follows: 

LL, = TFMGBAM (© (L,,, Diy ye+69 Lin (LE Tn) 
Step 4 For all i (ieI,,), find the aggregation values by using Equation (13) (or 
Equation (27)) according to second group of criteria, to get the performance value 
corresponding to the alternative M,, denoted by ,L,, (i€I,,) as follows: 

»L, = TFMGBAM (#9 (L,,, Lis yes Lin ( € In) 


Step 5 Compute the Hamming distance given in Definition 2.9 between ,L, and 
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(ieI,) 
Step 6 Rank the results. The smaller result, the better alternative. 


4.1 Numerical Example 

The thread of increasing in poverty and hunger in the world obliges states to take precautions in this 
regard. Although developed countries have come a long way in this regard, even this is no longer a 
problem for them, there are still many countries that do not take adequate steps in this issue. 
Especially underdeveloped countries, as they are insufficient economically, are vulnerable and suffer 
victimization in poverty and hunger. In order to prevent this situation, some countries that decided 
to take action have taken the models of the countries that have achieved success in this subject to 
examination and have decided to take the model they found suitable for them as an example. As a 
result of the examination, the policies that developed countries have already implemented and are 
considering to implement in the near future have been taken into consideration. Countries will 
decide on the choice of model by looking at how well the currently implemented policies lead to the 
policies that are planned to be implemented as next step of precautions against poverty and hunger. 
Models which can be choosen are as follows: 


. Model of Country 1 (M, ) 
. Model of Country 2 (M, 

. Model of Country 3 (M,) 
. Model of Country 4(M, 
. Model of Country 5 (M, 
. Model of Country 6 (M, 


Dn OF FPF WD NY 


) 
) 
) 
) 


Group of policies, according to United Nations, given as follows: 
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Table 1: Groups of Policies 


Already Implemented Policies (First Group of 
Criteria) (1 ,c2,...,67) 


Targeted Policies (Second Group of 
Criteria) (€1,€2,...,€9) 


To eradicate extreme poverty for all people 
everywhere, defined as living on less than 
1.25 per day 

To reduce at least by half the proportion of 
men, women, and children of all ages living in 
poverty in all its dimensions according to 
national definitions 


Ensuring universal access to reliable and 
nutritious food 


Eliminating all forms of malnutrition for 
everyone 


To implement nationally appropriate social 
protection systems and measures, including 
minimum safeguards, to ensure coverage for 
all and achieve substantial coverage of the 
poor and vulnerable 

To ensure that all men and women, 
particularly the poor and vulnerable, have 
equal rights to economic resources, as well as 
access to basic services, ownership, and 
control over land and other forms of property, 
inheritance, natural resources, appropriate 
new technology, and financial services, 
including microfinance 

To build the resilience of the poor and those 
in vulnerable situations and reduce their 
exposure and vulnerability to climate-related 
extreme events and other economic, social, 
and environmental shocks and disasters 


Increasing the productivity and incomes of 
small-scale food producers 


Ensuring sustainable food production systems 
and implementing resilient agricultural 
practices 


Preserving genetic diversity in food 
production 


To ensure significant mobilization of 
resources from a variety of sources, including 
through enhanced development cooperation, 
in order to provide adequate and predictable 
means for developing countries, in particular 
the least developed countries, to implement 
programs and policies to end poverty in all its 
dimensions 


Enhancing investments in rural 
infrastructure, agricultural research and 
extension services, technology development, 
and plant and animal gene banks in 
developing countries through improved 
international cooperation to increase 
agricultural production capacity 


To create sound policy frameworks, at the 
national, regional, and international levels, 
based on pro-poor and gender-sensitive 
development strategies, to support 
accelerated investment in poverty eradication 
actions 


Preventing agricultural trade restrictions, 
market distortions, and export subsidies 


Ensuring stability and timely access to 
information in food commodity markets 
Enhancing investments in rural 
infrastructure, agricultural research and 
extension services, technology development, 
and plant and animal gene banks in 
developing countries, particularly the least 
developed countries, through improved 
international cooperation to increase 
agricultural production capacity 


Table 2: TFM-numbers of linguistic terms 


Linguistic terms 
Definitely-low(DL) 


Too-Low(TL) 


((0.01, 0.05, 0.10, 0.15);0.1, 0.2, 0.3,0.4) 
((0.05, 0.10, 0.15, 0.20); 0.2, 0.3,0.4, 0.1) 


TFM-numbers 


Very-Low(VL) 


((0.10, 0.15, 0.15, 0.20); 0.2, 0.4, 0.5, 0.3) 


Low(L) ((0.10, 0.20, 0.20, 0.30); 0.3, 0.4, 0.8, 0.1) 
Fairly-low(FL) | ((0.15,0.20,0.25, 0.30); 0.4, 0.6, 0.2, 0.5) 
Medium(M) | ((0.25,0.30, 0.35, 0.40); 0.4, 0.5, 0.6, 0.8) 
Fairly-high(FH) | ((0.30,0.35, 0.40, 0.45);0.6, 0.1, 0.8, 0.4) 
High(H) ((0.40, 0.45, 0.50, 0.55); 0.8, 0.9, 0.3, 0.6) 


Very-High(VH) 


((0.45, 0.55, 0.65, 0.75); 0.7, 0.8, 0.6, 0.3) 
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Step 1 Present two TFM decision matrices since there are two groups of the criteria: 


Too-High(TH) 


((0.50, 0.60, 0.70, 0.80); 0.1, 0.7, 0.8, 0.9) 


Definitely-high(DH) 


((0.70, 0.80, 0.90, 1.00); 0.7, 0.8, 0.9, 0.2) 


Decision Matrix-1 according to first group of the criteria (c,,C,,...,C;): 


M, 
Mp 
M3 
M, 
Ms 
Me 


(0.70, 0.80, 0.90, 1.00); 0.7, 0.8, 0.9, 0.2) 
(0.50, 0.60, 0.70, 0.80); 0.1, 0.7, 0.8, 0.9) 
(0.70, 0.80, 0.90, 1.00); 0.7, 0.8, 0.9, 0.2) 
(0.50, 0.60, 0.70, 0.80); 0.1, 0.7, 0.8, 0.9) 
(0.01, 0.05, 0.10, 0.15); 0.1, 0.2, 0.3, 0.4) 
(0.10, 0.20, 0.20, 0.30); 0.3, 0.4, 0.8, 0.1) 


( 
( 
( 
( 
( 
( 
((0.05, 0.10, 0.15, 0.20); 0.2, 0.3, 0.4, 0.1) 
((0.40, 0.45, 0.50, 0.55); 0.8, 0.9, 0.3, 0.6) 
((0.05, 0.10, 0.15, 0.20); 0.2, 0.3, 0.4, 0.1) 
((0.25, 0.30, 0.35, 0.40); 0.4, 0.5, 0.6, 0.8) 
((0.01, 0.05, 0.10, 0.15); 0.1, 0.2, 0.3, 0.4) 
((0.70, 0.80, 0.90, 1.00); 0.7, 0.8, 0.9, 0.2) 
( 
( 
( 
( 
( 
( 


(0.05, 0.10, 0.15, 0.20); 0.2, 0.3, 0.4, 0.1) 
(0.10, 0.15, 0.15, 0.20); 0.2, 0.4, 0.5, 0.3) 
(0.30, 0.35, 0.40, 0.45); 0.6, 0.1, 0.8, 0.4) 
(0.05, 0.10, 0.15, 0.20); 0.2, 0.3, 0.4, 0.1) 
(0.15, 0.20, 0.25, 0.30); 0.4, 0.6, 0.2, 0.5) 
(0.05, 0.10, 0.15, 0.20); 0.2, 0.3, 0.4, 0.1) 


((0.15, 0.20, 0.25, 0.30); 0.4, 0.6, 0.2, 0.5) 
((0.25, 0.30, 0.35, 0.40); 0.4, 0.5, 0.6, 0.8) 
((0.01, 0.05, 0.10, 0.15); 0.1, 0.2, 0.3, 0.4) 
((0.40, 0.45, 0.50, 0.55); 0.8, 0.9, 0.3, 0.6) 
((0.45, 0.55, 0.65, 0.75); 0.7, 0.8, 0.6, 0.3) 
((0.15, 0.20, 0.25, 0.30); 0.4, 0.6, 0.2, 0.5) 


((0.10, 0.20, 0.20, 0.30); 0.3, 0.4, 0.8, 0.1) 
((0.50, 0.60, 0.70, 0.80); 0.1, 0.7, 0.8, 0.9) 
((0.10, 0.20, 0.20, 0.30); 0.3, 0.4, 0.8, 0.1) 
((0.10, 0.20, 0.20, 0.30); 0.3, 0.4, 0.8, 0.1) 
((0.45, 0.55, 0.65, 0.75); 0.7, 0.8, 0.6, 0.3) 
((0.25, 0.30, 0.35, 0.40); 0.4, 0.5, 0.6, 0.8) 


((0.40, 0.45, 0.50, 0.55); 0.8, 0.9, 0.3, 0.6) 
((0.01, 0.05, 0.10, 0.15); 0.1, 0.2, 0.3, 0.4) 
((0.70, 0.80, 0.90, 1.00); 0.7, 0.8, 0.9, 0.2) 
((0.70, 0.80, 0.90, 1.00); 0.7, 0.8, 0.9, 0.2) 
((0.45, 0.55, 0.65, 0.75); 0.7, 0.8, 0.6, 0.3) 
((0.05, 0.10, 0.15, 0.20); 0.2, 0.3, 0.4, 0.1) 


((0.25, 0.30, 0.35, 0.40); 0.4, 0.5, 0.6, 0.8) 
((0.30, 0.35, 0.40, 0.45); 0.6, 0.1, 0.8, 0.4) 
((0.45, 0.55, 0.65, 0.75); 0.7, 0.8, 0.6, 0.3) 
((0.30, 0.35, 0.40, 0.45); 0.6, 0.1, 0.8, 0.4) 
((0.01, 0.05, 0.10, 0.15); 0.1, 0.2, 0.3, 0.4) 
((0.30, 0.35, 0.40, 0.45); 0.6, 0.1, 0.8, 0.4) 


Decision Matrix-2 according to second group of the criteria (¢,,¢,,...,C,): 


(0.45, 0.55, 0.65, 0.75); 0.7, 0.8, 0.6,0.3) ((0.30, 0.35, 
(0.01, 0.05, 0.10, 0.15); 0.1,0.2,0.3,0.4) ((0.50, 0.60, 
(0.05, 0.10, 0.15, 0.20); 0.2,0.3,0.4,0.1) ((0.05, 0.10, 
(0.15, 0.20, 0.25, 0.30); 0.4, 0.6,0.2,0.5) ((0.40, 0.45, 
(0.70, 0.80, 0.90, 1.00); 0.7, 0.8, 0.9,0.2) ((0.25, 0.30, 
(0.01, 0.05, 0.10, 0.15); 0.1,0.2,0.3,0.4) ((0.15, 0.20, 
(0.05, 0.10, 0.15, 0.20); 0.2,0.3,0.4,0.1) ((0.10, 0.15, 
(0.50, 0.60, 0.70, 0.80); 0.1,0.7,0.8,0.9) ((0.30, 0.35, 
(0.30, 0.35, 0.40, 0.45); 0.6,0.1,0.8,0.4) ((0.05, 0.10, 
(0.50, 0.60, 0.70, 0.80); 0.1,0.7,0.8,0.9) (0.05, 0.10, 
(0.25, 0.30, 0.35, 0.40); 0.4,0.5,0.6,0.8) (0.15, 0.20, 
(0.25, 0.30, 0.35, 0.40); 0.4, 0.5,0.6,0.8) ((0.01, 0.05, 
(0.05, 0.10, 0.15, 0.20); 0.2,0.3,0.4,0.1) ((0.50, 0.60, 
(0.70, 0.80, 0.90, 1.00); 0.7,0.8,0.9,0.2) (0.10, 0.20, 
(0.45, 0.55, 0.65, 0.75): 0.7, 0.8,0.6,0.3) ((0.01, 0.05, 
(0.30, 0.35, 0.40, 0.45); 0.6,0.1,0.8,0.4) ((0.25, 0.30, 
(0.01, 0.05, 0.10, 0.15); 0.1,0.2,0.3,0.4) (0.15, 0.20, 
(0.25, 0.30, 0.35, 0.40); 0.4,0.5,0.6,0.8) (0.15, 0.20, 
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0, 0.45); 0.6, 0.1, 0.8, 0.4) ((0.01, 0.05, 0.10, 0.15); 0 
0, 0.80); 0.1, 0.7, 0.8, 0.9) ((0.15, 0.20, 0.25, 0.30); 0 
5, 0.20); 0.2, 0.3, 0.4, 0.1) ((0.70, 0.80, 0.90, 1.00): 0 
0, 0.55); 0.8, 0.9, 0.3, 0.6) ((0.10, 0.20, 0.20, 0.30): 0 
5, 0.40); 0.4, 0.5, 0.6, 0.8) ((0.01, 0.05, 0.10, 0.15); 0 
5, 0.30); 0.4, 0.6, 0.2, 0.5) ((0.40, 0.45, 0.50, 0.55); 0 
5, 0.20); 0.2, 0.4, 0.5, 0.3) ((0.30, 0.35, 0.40, 0.45); 0 
0, 0.45); 0.6, 0.1, 0.8, 0.4) ((0.05, 0.10, 0.15, 0.20); 0 
5, 0.20); 0.2, 0.3, 0.4, 0.1) ((0.25, 0.30, 0.35, 0.40): 0 
5, 0.20); 0.2, 0.3, 0.4, 0.1) ((0.05, 0.10, 0.15, 0.20): 0 
5, 0.30); 0.4, 0.6, 0.2, 0.5) ((0.25, 0.30, 0.35, 0.40); 
0, 0.15); 0.1, 0.2, 0.3, 0.4) ((0.30, 0.35, 0.40, 0.45); 
‘0, 0.80); 0.1,0.7,0.8,0.9)  ((0.40, 0.45, 0.50, 0.55); 0. 
0,0.30);0.3,0.4,0.8,0.1)  ((0.30, 0.35, 0.40, 0.45); 0. 
0,0.15);0.1,0.2,0.3,0.4) (0.05, 0.10, 0.15, 0.20); 0. 
5, 0.40); 0.4,0.5,0.6,0.8)  ((0.50, 0.60, 0.70, 0.80); 0. 
5, 0.30); 0.4,0.6,0.2,0.5)  ((0.45, 0.55, 0.65, 0.75); 0. 
5, 0.30); 0.4,0.6,0.2,0.5)  ((0.05, 0.10, 0.15, 0.20); 0. 
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Step 2 Find two weight vectors since we have two decision matrices: 
Substep 1 For each decision matrix, construct a matrix consisting of real numbers 
by value of TFM-numbers obtain from defuzzification of each element of the 
decision matrices given above by using Definition 2.10 as follows: 
Decision matrix for first group of criteria is built as follows: 
ey €9 c3 C4 Cs CE C7 
0.2000 0.2250 0.1250 0.2000 0.1250 0.4750 0.2350 
0.6500 0.3250 0.4750 0.6500 0.1500 0.0779 0.3750 
\(1) 0.8500 0.0779 0.1250 0.2000 0.1250 0.8500 0.3750 
(7ij man = 0.6500 0.4750 0.3250 0.2000 0.1250 0.8500 0.3750 
0.0779 0.6000 0.0779 0.6000 0.2250 0.6000 0.077 
0.2000 0.2250 0.85)0 0.3250 0.1250 0.1250 0.3750 


and decision matrix for second group of criteria is built as follows: 


(4 9 €3 4 és & C7 ég ég 
0.6000 0.3750 0.2000 0.1230 0.1500 0.3750 0.1230 0.6500 0.4750 
0.2000 0.6500 0.2250 0.6500 0.3750 0.1230 0.8500 0.2000 0.3750 
i (2) _ 0.1230 0.1230 0.8500 0.3750 0.1230 0.3250 0.6000 0.2000 0.1230 
“J /man 0.2250 0.4750 0.2000 0.6500 0.1230 0.1230 0.3750 0.3250 0.6500 
0.8500 0.3250 0.2000 0.3250 0.2250 0.3250 0.2000 0.2250 0.6000 
0.2000 0.2250 0.4750 0.3250 0.2000 0.3750 0.3250 0.2250 0.1230 


Substep 2 Find two weight vectors of criteria according to matrices given above: 
Weight vector of first group of criteria is taken as follows: 
w, = (0.1524, 0.1467, 0.0966, 0.1513, 0.1380, 0.1153, 0.1993) 


Weight vector of second group of criteria is taken as follows: 
w, = (0.1294, 0.09084, 0.1249, 0.0924, 0.0896, 0.1162, 0.1343, 0.0923, 0.1296) 


Step 3 Find the aggregation values according to first group of criteria: 
Aggregation results of TEMGBAM ‘""(L,,, L,5, «+5 Lin (i € Ln) 


L, = TFMGBAM %) (L,,, Ly3 5-4) L47) 
= (0.1210, 0.1350, 0.1462, 0.1784; 0.1960, 0.2560, 0.2450, 0.1510) 
Similarly, 
_L, = (0.1135, 0.1350, 0.1680, 0.2080; 0.1370, 0.2190, 0.2930, 0.2950) 
_L, = (0.1290, 0.1450, 0.1560, 0.1870; 0.2210, 0.2260, 0.3320, 0.1120) 
_L, = (0.1380, 0.1660, 0.1870, 0.2040; 0.1990, 0.2330, 0.3230, 0.1920) 
_L, = (0.1350, 0.1550, 0.1550, 0.1910; 0.1990, 0.2330, 0.3230, 0.1920) 
_L, = (0.1020, 0.1144, 0.1450, 0.1468; 0.1830, 0.1840, 0.2780, 0.1380) 
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Step 4 Find the aggregation values according to second group of criteria: 


Aggregation results of TFMGBAM ‘?'*" (L,,, L, 


>L, = TFMGBAM 8") (L,,, Lyy5 ++ Ly) 
= (0.1240, 0.1370, 0.1570, 0.1740); 0.1880, 0.2020, 0.2620, 0.1780) 


Similarly, 


i Be) 


,L, = (0.1370, 0.1540, 0.1740, 0.1870; 0.1660, 0.2040, 0.3220, 0.1990) 
»L, = (0.0910, 0.1340, 0.1470, 0.1740; 0.1790, 0.2000, 0.2670, 0.1280) 
»L, = (0.1240, 0.1450, 0.1680, 0.2740; 0.1600, 0.2370, 0.2860, 0.2320) 
> L, = (0.1170, 0.1470, 0.1570, 0.1600; 0.1880, 0.2530, 0.2360, 0.2470) 
»L, = (0.0680, 0.1240, 0.1290, 0.1380; 0.1780, 0.2050, 0.2020, 0.2410) 


Step 5 Compute the Hamming distance between ,L, and ,L, (i¢I,) as follows: 


For TFMGBAM \?'*(L,,, L 


d( 
d( 
d( 
d( 
d( 
d( 


iDI** 


3h): 

L,»» L,) = 0.0034 
L,,, L,) = 0.0108 
L,,, L,) = 0.0128 
L,,, L,) = 0.0193 
Lz, L) = 0.0100 
Les» Lg) = 0.0102 


Step 6 Rank the results and determine the best alternative: 


For TFMGBAM °?'*"?: 


M,<M,<M,<M,<M, <M, 


As seen, the best alternative is M,. 


5 Comparison Table 


Table 3: Some rankings in terms of other methods and proposed methods 


Methods Operator Ranking 
Proposed Method 1 TFMGBAM ““") |M,>M.>M,>M,>M,>M, 
Proposed Method 2 TFMGBGM“""") |M,>M,>M,>M,>M,>M, 
Method of Kesen and Deli [15] | TFMBHM“? |M,>M,>M,>M,>M, 
Method of Deli and Keles [8] S'(M,) M,>M,>M,>M,>M, 
Method of Ulucay et al. [29] TFMG, M.>M,>M,>M,>M, 
Method of Sahin et al. [21] D, M,>M.>M,>M,>M, 
Method of Ulucay [28] S, M,>M,>M,>M.>M, 
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In Table 3, we gave a brief comparison of introduced operators with some existing 
operators such as weighted Bonferroni harmonic mean operator given by Kesen and 
Deli [15], distance measure operator proposed by Deli and Keles [8], TFM weighted 
geometric operator introduced by Ulucay et al. [29], weighted dice vector similarity 
operator submitted by Sahin et al. [21] and vector similarity operator given by 
Ulucay [28]. Poverty and hunger has been still drawing attention all around the 
world. This is the main reason why we chose the selection of a model against 
poverty and hunger. As for operators we introduced, we used them efficiently on 
the problem. If the comparison table is analyzed, results of the proposed 
aggregation methods presents a new perspective to decision making process and 
generally compatible with the existing methods. Therefore, decision makers can 
easily use proposed methods to solve decision-making problems with multiple 
criteria. 


6 Conclusion 

In the paper we introduced two new aggregation methods in TFM-numbers which 
are called trapezoidal fuzzy multi generalized weighted Bonferroni arithmetic 
mean operator and trapezoidal fuzzy multi generalized weighted Bonferroni 
geometric mean operator. Then, we analyze their properties and special cases by 
changing p,q and r values. At the end, firstly we gave a solution process. 
Secondly, we gave numerical example to see application of the operators. 

The paper mainly deals the methods to select the best model for fighting against 
poverty and hunger. These methods can efficiently used for such situations. The 
specific characteristic of these methods is that they deal with the three aggregated 
arguments instead of two or one. This makes these methods more sensitive. This is 
why the application of these methods in fighting against poverty and hunger 
performs well. In the future, new mathematical modelling will be proposed for 
selection problems in many areas which draw attention such as zero waste, artificial 
intelligence, machine learning, deep learning, big data etc. 
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ABSTRACT 


With the increasing collection of data in areas such as healthcare, finance, social 
media, and scientific research, significant challenges arise in machine learning 
applications due to data issues such as noise, missing labels, and inconsistencies. 
This chapter examines neutrosophic theory, which includes truth, uncertainty, and 
falsity, as a framework to effectively manage these challenges. It presents studies 
that demonstrate improved robustness to clustering and classification tasks 
involving uncertain or missing data by integrating neutrosophic principles into 
machine learning models such as Neutrosophic K-Means. The study highlights the 
potential of neutrosophic to significantly advance data preprocessing and 
predictive performance in complex, uncertain environments by demonstrating how 
neutrosophic distance metrics can increase model accuracy compared to traditional 


approaches. 


Keywords: Neutrosophic sets, Dataset, Prediction, Neutrosophic K-Means, 
1 INTRODUCTION 


With the rapid advances in technology, an enormous amount of data is being 
collected and accumulated across various fields such as healthcare, finance, social 
media, and scientific research. This real-world data, while highly valuable, often 
comes with a variety of challenges when it comes to utilization in machine learning 
or artificial intelligence models. Common issues include incomplete or missing 
labels, noisy data, inconsistencies, and gaps in the dataset. These challenges make it 
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difficult to derive accurate insights or predictions without appropriate 
preprocessing or handling techniques. In particular, deep learning algorithms— 
despite their powerful capacity to model complex patterns in data—can face 
significant issues when learning from noisy or imperfect datasets. These algorithms 
are known to have a strong tendency to memorize the data they are trained on, 
which can lead to overfitting. Overfitting occurs when a model becomes so tailored 
to the training data, including noise and irrelevant patterns, that it fails to generalize 
well to unseen data. Studies exploring deep learning’s response to noisy data have 
found that, even when using advanced techniques such as normalization (which 
scales the data to a consistent range) and dropout (which randomly disables 
neurons during training to prevent co-adaptation), there can still be a significant 
degradation in performance. Despite these regularization techniques, the presence 
of noise in the data continues to hinder the model's ability to effectively generalize, 
leading to substantial loss in performance when applied to real-world tasks. These 
findings highlight the ongoing challenge of developing robust deep learning 
models capable of learning from noisy and imperfect data without overfitting. 

Neutrosophy, a theory developed by Florentin Smarandache to handle 
uncertainty, inconsistency, and incomplete information, introduces three essential 
components: truth (T), indeterminacy (I), and falsehood (F) [1]. Unlike binary logic, 
which assigns values of either true or false, or fuzzy logic, which assigns degrees of 
truth, neutrosophic logic allows for the representation of all three components 
simultaneously, offering a more detailed and flexible attempt to managing real- 
world data, which often contains noise, missing values, and contradictions [17-40]. 

The ability to work with uncertain, imprecise, and incomplete data makes 
neutrosophy particularly valuable in various domains. [2] For instance, in datasets 
with high levels of uncertainty, such as those in medical diagnostics, financial 
market analysis, and climate studies, traditional logic systems often fall short due 
to their rigid structure. Neutrosophic logic [41-50], however, provides a more 
versatile framework, which is especially useful when dealing with datasets where 
uncertainty and inconsistency cannot be eliminated but must instead be accounted 
for and managed. Recently, many researchers continued to work rapidly in this 
field. [51-67]. 

In data preprocessing for machine learning applications, the entity of noisy, 
missing, or contradictory information in datasets can reduce the error performance 
of models. To address this, before applying machine learning algorithms, it is 
essential to either cleanse the dataset of errors, inconsistencies, and missing 
information, or mark the uncertain data points, thus preserving the integrity of the 
dataset If deleting uncertain data points leads to the loss of valuable information, 
neutrosophic approaches allow for the retention of these data points by assigning 
them a degree of indeterminacy, rather than excluding them outright. 
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There are several machine learning algorithms that have been adapted to 
work with neutrosophic data, enhancing their ability to handle uncertainty. 
Algorithms such as Neutrosophic K-Means, Neutrosophic K-Nearest Neighbors (N- 
KNN), Neutrosophic Decision Trees (N-DT), and Neutrosophic Support Vector 
Machines (N-SVM) extend their traditional counterparts by integrating 
neutrosophic principles. These adaptations allow the algorithms to better classify, 
cluster, and predict outcomes from data with incomplete or contradictory 
information. 

In addition, deep learning models, like Neutrosophic Neural Networks (N- 
NN) and Neutrosophic Deep Learning (N-DL), are gaining traction. These models 
can process data where the truth, falsehood, and indeterminacy of information are 
all simultaneously considered, making them more robust for tasks like image 
recognition, signal processing, and natural language processing, especially in 
environments where data is noisy or incomplete. For instance, in healthcare, where 
data can be imprecise or contain contradictory diagnoses, neutrosophic models can 
improve the accuracy of predictions and diagnoses by better handling uncertainty. 

The main goal of applying neutrosophic approaches in machine learning and 
data mining is to extract meaningful patterns, clusters, and relationships from large 
datasets. In this context, clustering algorithms, which fall under the umbrella of 
unsupervised learning, are highly effective. Unlike supervised learning, where data 
is labeled, unsupervised learning algorithms, like neutrosophic clustering, must 
automatically detect the underlying structure in the data. This makes neutrosophic 
clustering especially useful in fields like social media analysis, where user behaviors 
and interactions are dynamic, or in earthquake prediction [3], where sensor data 
may be incomplete or contain noise. For instance, they transformed the error and 
missing data in the occupancy status information for various sectors, including data 
from cameras and other sensors, into neutrosphic sets (NS) in two ways. The first 
method is T(i), F(i), and I(i) for the data representing the i. sample in the dataset, 
while the second method is based on the principle that the i. and j. samples affect 
each other, expressed as T(i,j), F(i,j), and I(i,j). They concluded that using NS is more 
efficient than the other methods they examined [4]. Baser and Ulugay [31] defined 
the energy of a neutrosophic soft set and applied it to multi-criteria decision-making 
problems to show its applicability and effectiveness. And then, Baser and Ulugay 
[35] defined effective q- fuzzy soft expert sets. 

Although neutrosophic approaches offer significant theoretical potential, 
their application remains relatively limited, primarily due to the complexity of 
integrating neutrosophic principles into existing machine learning frameworks. 
However, as interest in managing uncertain and imprecise data grows, particularly 
in domains where traditional methods struggle, it is likely that neutrosophic 
methods will see broader adoption. Future research could focus on developing 
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more accessible tools and frameworks for applying neutrosophy in a variety of 
practical applications, and on creating benchmark datasets that highlight the 
advantages of neutrosophic approaches over more traditional methods. This would 
include healthcare, finance, social media, climate studies, earthquake prediction, 
image and signal processing, and uncertainties for many scenarios, as more datasets 
emerge where neutrosophic approaches could be effective in practice. Single-valued 
neutrosophic numbers are used to deal with noisy data in the data preprocessing 
step as they provide a powerful capacity for modeling complex information [5]. 

2 Neutrosophic K-Means 


The K-Means technique can be considered as a data mining and machine 
learning algorithm used to process large amounts of data by clustering or grouping. 
It lies at the intersection between these two fields because it serves the purposes of 
both fields. Neutrosophic K-Nearest Neighbor (KNN) is a version of the K-Nearest 
Neighbor (KNN) algorithm adapted to Neutrosophic logic. While KNN classifies 
by looking at the neighbors of each data point, Neutrosophic KNN makes decisions 
by taking into account the accuracy, uncertainty and error components of each data 
point. 

Truth (T): Represents the degree of truth or certainty about an object. 
Indeterminacy (I): Represents the degree of uncertainty or indeterminacy. 
Falsehood (F): Represents the degree of falsehood or contradiction 


Figure 1: K-Means Algorithm for Neutrosophic Explanation of Components 
A 


Truth (T) 


7 
hogy 
(b) Indeterminacy (1), 


It is used in classification problems and provides more reliable results especially in 
noisy, missing or contradictory data. K-means clustering algorithm is one of the 
widely used algorithms considering its easy-to-understand structure, fast 
convergence and ease of application to ML algorithms [6]. However, since the 
number K must be given as input to the algorithm and the correct choice of K 
directly affects the result, the choice of the K value is very important [7]. 


Neutrosophic Distance: Neutrosophic distance is used instead of the classical 
Euclidean distance in KNN. This metric is an effective way to handle and interpret 
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uncertain, imprecise, or contradictory information in various machine learning and 
data analysis applications, especially in fields like medical diagnosis, environmental 
studies, and social sciences, where data uncertainty is common 


Neighbor Selection: The distance between each data point and its neighbors is 
determined according to the accuracy, uncertainty and error components. 


Neutrosophic distance is calculated with a formula based on accuracy, uncertainty 
and error weights. The weights of the components W, truth, W, uncertainty and W, 
inaccuracy. These weights are usually chosen so that their sum is 1. 


W,+W,+W, =1 


Data points are positioned in three dimensions as accuracy, uncertainty and 
inaccuracy axes. Using Euclidean distance, the weights of the contribution of each 
axis to the distance are calculated and adjusted. This distance determines the 
similarity or difference between two Neutrosophic data points. 


Neutrosophic Distance Formula; Let there be two data points A and B. 
T,,J,,F, — are the neutrosophic components of data point A 


T,,15,F, — are the components of the cluster center B 


d, (A, B) = Ww, (T, —T,)* si W,(, iy ‘7 Wr (Fi, ee 


The weights of W,., W,, W, can be adjusted according to the importance of the 
application, for example, in scenarios where uncertainty is critical, such as spam 
filters [8], the uncertainty coefficient can be increased. Thus helping machine 
learning algorithms work more effectively with uncertain and incomplete data. 


The K-Means algorithm is one of the unsupervised learning methods and is usually 
used to separate similar data in a dataset into groups (clustering) [9]. 


Table 1: K-Means algorithm 


Here is the pseudo code of the K-Means algorithm [10]. 
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1. K =number_of_clusters (Determine the number of clusters K) 
2. centroids = randomly select K data_points (Randomly select K cluster centers) 
3. for each data_point: (Assign each data point to the nearest cluster center) 

find the nearest centroid 

assign data_point to this cluster 
4. for each cluster: (Calculate new cluster centers for each cluster) 

calculate the mean of all data_points in the cluster 

update the centroid 
5. new_assignment = False (Reassign data points to the new cluster centers) 

for each data_point: 
find the nearest new centroid 
if the cluster changed: 
assign data_point to the new cluster 
new_assignment = True 

6. if new_assignment is True: (Repeat iterations until cluster centers do not 
change) 

go back to step 4 
7. results = final cluster assignment for each data_point (Once clustering is 
complete, obtain the results) 


3 Conclusions 


Deep learning algorithms are prone to memorization and suffer from overfitting, 
especially when learning from noisy data. Research has shown a significant loss in 
performance, despite the use of normalization and dropout techniques [11]. 
Another study [12] examined the problem of noisy label data negatively impacting 
classification performance, concluding that traditional machine learning algorithms 
also struggle with label noise, and dropout alone is insufficient to prevent 
overfitting. Detecting and cleaning erroneous data with various heuristics has been 
proposed as an alternative solution. However, as these existing methods have 
limitations, this remains an open area for further research. Interestingly, many 
studies analyzing machine learning algorithms do not consider neutrosophy as a 
potential solution to these challenges. Nonetheless, there are examples of leveraging 
uncertainty in classification problems. For instance, a study that applied Rough 
Neutrosophic Sets (RNS) in the tourism sector with k-means clustering found that 
identifying essential and non-essential attributes using RNS (though 
computationally intensive) led to improved classification performance [13]. 
Monitoring seismic data and denoising the obtained data is a challenging task. In 
the study where they combined the K-Means method with neutrosophic, they 
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applied it to earthquake datasets in Ecuador. They concluded that it is more 
effective in determining patterns in the data in the presence of data that partially 
belong to more than one cluster and the results are improved [14]. Image data 
consists of pixels, if we think of pixels as a two-dimensional array, we add the values 
of accuracy, inaccuracy and uncertainty to this array for each pixel, thus converting 
the image into a neutrosophic cluster. Clusters are performed iteratively for 
segmentation of the image, and the image is segmented at the point where the 
number of clusters stops increasing. With this method, they achieved better results 
than the traditional K-means [15]. They proposed an optimized NS K-mean to 
increase the performance of the Automatic Vehicle License Plate Recognition 
System. When there are distortions in the acquired image data, traditional license 
plate recognition methods achieved 79% accuracy, while their proposed method 
achieved 92.5% [16]. These examples illustrate how neutrosophy can achieve 
remarkable success in clustering, capturing attention as a valuable addition to 
traditional methods. 
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Neutrosophic Logic is a general framework for unification of many existing logics, such as fuzzy 


logic (especially intuitionistic fuzzy logic), paraconsistent logic, intuitionistic logic, etc. University of 
New Mexico (UNM)'s’ website on neutrosophic theories and their applications is: 


http://fs.unm.edu/neutrosophy.htm 
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